ŞĎŁ 621.391.15

© 1999 č. Ą. §. Řïąłő, Ă. Ŋ. Ťĺőŋőć

İŤŤĚŁŠĹĆŊŻĽ ŇĚŠŐĎ ĂĎĂŔŠĹĆŊŐČŐ ĂŘĹŤŇĚŠĹŮĚŚŁŐČŐ ŁŐĎĹŘŐĆĂŊĹ§ ĎŃ§ ĹŚŠŐŮŊĹŁŐĆ Ś ĄŐŃĲŸĹŇĹ ĂŃŤĂĆĹŠĂŇĹ^1

Řăááňăâàĺćăěâáï ğăďăçă ŕőáâàőěŋĺï ăďăŕâĺćŋőčő ăàĺäňěâĺçěáłőčő łőďă ďńï áńãçăï ąőńìèőčő ăńäăćĺâă ĺáâőçŋĺłă. Ŕàěďńăčăěâáï ňěâőď á ćàěňěŋěň łőďĺàőćăŋĺï ĺ ďěłőďĺàőćăŋĺï ŋă ŕőàïďőł ňěŋìèĺň, çěň ã ĺğćěáâŋëå ňěâőďőć. Ŕàěďńăčăěâáï âăłęě àěăńĺğăæĺï ňěâőďă á ĺáŕőńìğőćăŋĺěň áâàãłâãàë ďăŋŋëå, ŋăğëćăěňőľ “ňŋĺňőě áłőńìğïéěě őłŋő”, çâő ŕőğćőńïěâ áãéěáâćěŋŋő ãňěŋìèĺâì őąêěň ŕăňïâĺ łőďěàă ĺ ďěłőďěàă.

§ 1. Ććěďěŋĺě

Ăàĺäňěâĺçěáłőě łőďĺàőćăŋĺě ĺğćěáâŋő áěčőďŋï łăł őďĺŋ ĺğ ŋăĺąőńěě íääěłâĺćŋëå ňěâőďőć áęăâĺï ďăŋŋëå, łőâőàëľ ŕàĺňěŋĺň ďńï ąőńìèőčő łńăááă ĺáâőçŋĺłőć ĺäőàňăæĺĺ. Őáŋőćŋăï ĺďěï ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï ąëńă áäőàňãńĺàőćăŋă İńăľěáőň ěéě ć ŋăçăńě 60-å čőďőć (áň. [1]). Őďŋăłő, ŕěàćëľ èăč ć ŋăŕàăćńěŋĺĺ ŕàăłâĺçěáłőľ àěăńĺğăæĺĺ íâőľ ĺďěĺ ąëń áďěńăŋ ŋěğăćĺáĺňő Řĺááăŋěŋőň [2] ĺ Ŕăáłő [3] ć 1976 č. Ćáłőàě ŕőáńě íâőčő ć àăąőâăå [4–6] ąëńă ĺğńőęěŋă áőćàěňěŋŋăï łőŋæěŕæĺï ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï, łőâőàăï ĺáŕőńìğãěâáï ć ŋăáâőïéěľ àăąőâě. Ňěâőď ŕőńãçĺń ďăńìŋěľèěě àăğćĺâĺě ć àïďě àăąőâ (áň., ŋăŕàĺňěà, [7]).

Ŕàěĺňãéěáâćő ăàĺäňěâĺçěáłőčő łőďă ŕő őâŋőèěŋĺî ł ďàãčĺň ňěâőďăň ğăłńîçăěâáï ć âőň, çâő őŋ ŕőğćőńïěâ ďőáâĺçì ŕàőĺğćőńìŋő ŋĺğłőľ ĺğąëâőçŋőáâĺ ŋă áĺňćőń ĺáâőçŋĺłă ğă áçěâ ňěŋìèĺå ğăâàăâ ŕăňïâĺ ĺ ćàěňěŋĺ, çěň ńîąëě ďàãčĺě ĺğćěáâŋëě ňěâőďë (ňë ĺáŕőńìğãěň ŕőŋïâĺě ĺğąëâőçŋőáâĺ, őŕàěďěńïěňőľ łăł àăğŋőáâì ňěęďã áàěďŋěľ ďńĺŋőľ łőďőćőčő áńőćă ĺ íŋâàőŕĺěľ ĺáâőçŋĺłă). Łàőňě íâőčő, ăàĺäňěâĺçěáłĺľ łőď ňőęěâ ńěčłő ŕàĺňěŋïâìáï ć áńãçăě ĺáâőçŋĺłă á ŋěĺğćěáâŋőľ áâăâĺáâĺłőľ, łőčďă őŋ őąêěďĺŋïěâáï á ňěâőďăňĺ ăďăŕâĺćŋőľ őæěŋłĺ áâăâĺáâĺłĺ ĺáâőçŋĺłă ć áőáâăćě áåěňë ăďăŕâĺćŋőčő łőďĺàőćăŋĺï (áň., ŋăŕàĺňěà, [8–10]).

Őáŋőćŋăï ŕàőąńěňă ŕàĺ őąêěďĺŋěŋĺĺ ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï á ňěâőďăňĺ ăďăŕâĺćŋőčő őæěŋĺćăŋĺï áâăâĺáâĺłĺ (ĺńĺ, ŕàőéě, ăďăŕâĺćŋëňĺ ňőďěńïňĺ) ğăłńîçăěâáï ć áńěďãîéěň. Ćáě ĺğćěáâŋëě ăďăŕâĺćŋëě ňőďěńĺ őąěáŕěçĺćăîâ ŕőńãçěŋĺě ŋěłőâőàëå őæěŋőł ćěàőïâŋőáâěľ p(a_i) ŕőïćńěŋĺï łăęďőľ ąãłćë a_i ĺğ ăńäăćĺâă ĺáâőçŋĺłă

1Řăąőâă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě Řőááĺľáłőčő äőŋďă äãŋďăňěŋâăńìŋëå ĺááńěďőćăŋĺľ (ŋőňěà ŕàőěłâă 99-01-00586).

A. Ăàĺäňěâĺçěáłőě łőďĺàőćăŋĺě, ć áćőî őçěàěďì, âàěąãěâ ğăďăŋĺï łãňãńïâĺćŋëå ćěàőïâŋőáâěľ Q(a_i) = ∑ j<i p(a_j ) (âěàňĺŋőň “łãňãńïâĺćŋăï ćěàőïâŋőáâì” ć ńĺâěàăâãàě ŕő łőďĺàőćăŋĺî ĺáâőçŋĺłőć ŕàĺŋïâő ŋăğëćăâì ğŋăçěŋĺě (łãňãńïâĺćŋőľ) äãŋłæĺĺ àăáŕàěďěńěŋĺï ćěàőïâŋőáâěľ, ćëçĺáńěŋŋőě ďńï ŋěłőâőàőľ ąãłćë ĺğ ăńäăćĺâă ĺáâőçŋĺłă). Šăł łăł őæěŋłĺ ćěàőïâŋőáâěľ ĺğňěŋïîâáï ŕőáńě łőďĺàőćăŋĺï łăęďőčő ŋőćőčő áĺňćőńă, łãňãńïâĺćŋëě ćěàőïâŋőáâĺ ŋěőąåőďĺňő ŕőáâőïŋŋő ŕěàěáçĺâëćăâì. Šăłőľ ŕěàěáçěâ âàěąãěâ ŕőàïďłă |A|/2 őŕěàăæĺľ ŋă łăęďëľ áĺňćőń ĺáâőçŋĺłă, čďě |A| őąőğŋăçăěâ àăğňěà ăńäăćĺâă, çâő, őçěćĺďŋő, őłăğëćăěâ ćńĺïŋĺě ŋă áłőàőáâì łőďĺàőćăŋĺï ĺ ďěłőďĺàőćăŋĺï. Śŋĺęěŋĺě áłőàőáâĺ áâăŋőćĺâáï ćáě ğăňěâŋěě á àőáâőň àăğňěàă ăńäăćĺâă ĺáâőçŋĺłă. Ć ŕőáńěďŋĺě čőďë ğăďăçă łőďĺàőćăŋĺï ĺáâőçŋĺłőć á ąőńìèĺňĺ ăńäăćĺâăňĺ áâăŋőćĺâáï ćáě ąőńěě ăłâãăńìŋőľ (áň., ŋăŕàĺňěà, [11]). Ś âőçłĺ ğàěŋĺï ćőğďěľáâćĺï ŋă áłőàőáâì łőďĺàőćăŋĺï ăńäăćĺâ ĺğ 2^8 = 256 áĺňćőńőć, łőâőàëľ èĺàőłő ĺáŕőńìğãěâáï ŕàĺ áęăâĺĺ łőňŕìîâěàŋëå äăľńőć, ňőęěâ áçĺâăâìáï ãęě ďőáâăâőçŋő ąőńìèĺň. Ś ććěďěŋĺěň ć ŕàăłâĺçěáłőě ĺáŕőńìğőćăŋĺě łőďĺàőćőçŋëå âăąńĺæ Unicode àăğňěà ăńäăćĺâă ćőğàăáâěâ ďő 2^{16} = 65536 áĺňćőńőć ĺ áâăŋěâ ŋăáâőńìłő ąőńìèĺň, çâő ŕàïňőě ćëçĺáńěŋĺě łãňãńïâĺćŋëå ćěàőïâŋőáâěľ áâăŋěâ áőćěàèěŋŋő ŋěŕàĺěňńěňëň. Ć ŋăáâőïéěľ àăąőâě ŕàěďńăčăěâáï ăńčőàĺâň, ćëçĺáńïîéĺľ łãňãńïâĺćŋëě ćěàőïâŋőáâĺ ğă ćàěňï O(log |A|), çâő íłáŕőŋěŋæĺăńìŋő ňěŋìèě, çěň ã ĺğćěáâŋëå ňěâőďőć (őáŋőćŋăï ĺďěï âăłőčő ăńčőàĺâňă ąëńă áäőàňãńĺàőćăŋă àăŋěě ć àăąőâě [12]).

Ďńï ŕőńãçěŋĺï ğăďăŋŋőľ (ŕàőĺğćőńìŋő ŋĺğłőľ) ĺğąëâőçŋőáâĺ ć áńãçăě ŋěĺğćěáâŋőľ áâăâĺáâĺłĺ ĺáâőçŋĺłă ŋěďőáâăâőçŋő ĺňěâì åőàőèĺľ ňěâőď łőďĺàőćăŋĺï; ŋěőąåőďĺňő ďőáâăâőçŋő âőçŋő őæěŋĺćăâì ćěàőïâŋőáâĺ ŕőàőęďěŋĺï áĺňćőńőć. Şďőąŋő àăááňăâàĺćăâì ĺğąëâőçŋőáâì, áőáâőïéãî ĺğ ďćãå çăáâěľ: ĺğąëâőçŋőáâì łőďěàă, ãçĺâëćăîéăï “ŋěáőćěàèěŋáâćő” ňěâőďă łőďĺàőćăŋĺï, ĺ ĺğąëâőçŋőáâì ňőďěńĺ, ćőğŋĺłăîéăï ćáńěďáâćĺě ğăňěŋë àěăńìŋëå ćěàőïâŋőáâěľ áĺňćőńőć ĺå őæěŋłăňĺ.

Ůâőąë őąěáŕěçĺâì ğăďăŋŋãî (ŕàőĺğćőńìŋő ŋĺğłãî) ĺğąëâőçŋőáâì ňőďěńĺ, ňë ĺáŕőńìğãěň ăďăŕâĺćŋãî áåěňã áő áłőńìğïéĺň őłŋőň. Ĺďěï áłőńìğïéěčő őłŋă åőàőèő ĺğćěáâŋă ć âěőàĺĺ ĺŋäőàňăæĺĺ. Ňë őâďăěň ŕàěďŕőçâěŋĺě íâőľ áåěňě, ŕőâőňã çâő őŋă, ćő-ŕěàćëå, ŕőğćőńïěâ ďőáâăâőçŋő âőçŋő őæěŋĺćăâì áâăâĺáâĺłã ĺáâőçŋĺłă, ćő-ćâőàëå, ńěčłő ăďăŕâĺàãěâáï ł ĺğňěŋïîéěľáï áâăâĺáâĺłě, ĺ, ŋăłőŋěæ, ŕàĺ ŋăďńěęăéěň ćëąőàě àăğňěàă őłŋă ŕőğćőńïěâ ĺáłńîçĺâì őŕěàăæĺĺ ďěńěŋĺï ć ăàĺäňěâĺçěáłőň łőďĺàőćăŋĺĺ, çâő ŕőçâĺ ćďćőě ãćěńĺçĺćăěâ áłőàőáâì àăąőâë łőďěàă ĺ ďěłőďěàă.

Ěďĺŋáâćěŋŋëň őçěćĺďŋëň ŋěďőáâăâłőň áåěňë áő áłőńìğïéĺň őłŋőň, łőâőàëľ ďő áĺå ŕőà ňěèăń èĺàőłőňã ĺáŕőńìğőćăŋĺî íâőľ áåěňë, ïćńïěâáï ŋěőąåőďĺňőáâì åàăŋĺâì őłŋő ć ŕăňïâĺ łőďěàă ĺ ďěłőďěàă. Ŕàĺ ďőáâĺęěŋĺĺ ňăńőľ ĺğąëâőçŋőáâĺ ŕăňïâì, őâćőďĺňăï ŕőď őłŋő, áâăŋőćĺâáï ďőňĺŋĺàãîéěľ łőňŕőŋěŋâőľ áńőęŋőáâĺ łőďěàă ĺ ďěłőďěàă.

Ůâőąë ãáâàăŋĺâì ãłăğăŋŋëľ ŋěďőáâăâőł ňë ĺáŕőńìğãěň őáőąëľ ćĺď áłőńìğïéěčő őłŋă, ŋăğćăŋŋëľ “ňŋĺňëň áłőńìğïéĺň őłŋőň”, ŕàěďńőęěŋŋëľ ć [13]. İâőâ ŕőďåőď ŕőğćőńïěâ áőåàăŋĺâì ćáě áćőľáâćă áłőńìğïéěčő őłŋă ĺ, ć âő ęě ćàěňï, ĺğąăćĺâì łőďěà ĺ ďěłőďěà őâ åàăŋěŋĺï ć ŕăňïâĺ áăňőčő őłŋă.

Ňë ąãďěň ĺğňěàïâì áńőęŋőáâì ŕő ŕăňïâĺ (S), â. ě. âàěąãěňëľ őąêěň ŕăňïâĺ łőďěàă ĺ ďěłőďěàă, ć ąĺâăå, ă áńőęŋőáâì ŕő ćàěňěŋĺ (T ), â. ě. ćàěňï łőďĺàőćăŋĺï ĺ ďěłőďĺàőćăŋĺï őďŋőčő áĺňćőńă, ć ąĺâőćëå őŕěàăæĺïå. Ąãďěň àăááňăâàĺćăâì őąě łőňŕőŋěŋâë áńőęŋőáâĺ łăł äãŋłæĺĺ ďćãå ŕěàěňěŋŋëå — àăğňěàă ăńäăćĺâă |A| ĺ ĺğąëâőçŋőáâĺ r. Ďńï ĺğćěáâŋëå ňěâőďőć ć áńãçăě ňăàłőćáłőčő ĺáâőçŋĺłă ŕőàïďłă μ áŕàăćěďńĺćë áńěďãîéĺě őæěŋłĺ:

S < const ( |A|^μ ( |A| r log |A| + |A| log |A| r )) ąĺâ,

T < const ( log |A| r ( |A| + log log |A| r log log log |A| r )) ąĺâőćëå őŕěàăæĺľ

(ğďěáì ĺ ďăńěě log x = log_2 x ĺ const őąőğŋăçăěâ ŋěłőâőàãî (ćáïłĺľ àăğ àăğńĺçŋãî) ŕőńőęĺâěńìŋãî łőŋáâăŋâã). Ďńï ŕàěďńăčăěňőčő ňěâőďă áńőęŋőáâì łőďěàă ĺ ďěłőďěàă őčàăŋĺçěŋă áćěàåã áńěďãîéĺňĺ őæěŋłăňĺ:

S < const ( |A|^μ|A| log |A| r ) ąĺâ,

T < const ( log |A| r ( log |A| + log log |A| r log log log |A| r )) ąĺâőćëå őŕěàăæĺľ.

Ğăňěâĺň, çâő őæěŋłĺ ďńï ĺáâőçŋĺłőć ąěğ ŕăňïâĺ ŕőńãçăîâáï ŕàĺ μ = 0. Ŕàĺ łőďĺàőćăŋĺĺ ĺáâőçŋĺłőć á ąőńìèĺňĺ ăńäăćĺâăňĺ (|A| → ∞) áńőęŋőáâì ŕàěďńăčăěňőčő ňěâőďă łăł ŕő ŕăňïâĺ, âăł ĺ ŕő ćàěňěŋĺ, íłáŕőŋěŋæĺăńìŋő ŋĺęě, çěň ďńï ĺğćěáâŋëå ňěâőďőć.

Őáâăŋőćĺňáï łàăâłő ŋă áőďěàęăŋĺĺ àăąőâë. Ć § 2 őŕĺáëćăěâáï ňěâőď, őąěáŕěçĺćăîéĺľ ąëáâàőě ćëŕőńŋěŋĺě őŕěàăæĺľ á łãňãńïâĺćŋëňĺ ćěàőïâŋőáâïňĺ, ĺ ĺááńěďãîâáï ěčő áćőľáâćă. Ć § 3 áåěňă ňŋĺňőčő áłőńìğïéěčő őłŋă ĺáŕőńìğãěâáï ďńï ŕőáâàőěŋĺï łőďă, íääěłâĺćŋőčő ŕő ŕăňïâĺ. Ć § 4 ďăěâáï őąőąéěŋĺě àăááňőâàěŋŋëå ňěâőďőć ŋă áãçăľ ňăàłőćáłĺå ĺáâőçŋĺłőć. Őŕĺáăŋĺě ăàĺäňěâĺçěáłőčő łőďă ćëŋěáěŋő ć § 5.

§ 2. Ąëáâàőě łőďĺàőćăŋĺě á ĺáŕőńìğőćăŋĺěň áłőńìğïéěčő őłŋă

Ŕãáâì ďăŋ ĺáâőçŋĺł ąěğ ŕăňïâĺ, ŕőàőęďăîéĺľ ąãłćë ĺğ ăńäăćĺâă A = {a_1, a_2, . . . , a_n} á ŋěĺğćěáâŋëňĺ ćěàőïâŋőáâïňĺ p(a_1), p(a_2), . . . , p(a_n). Ąãďěň áçĺâăâì, çâő àăğňěà ăńäăćĺâă àăćěŋ ŋěłőâőàőľ áâěŕěŋĺ ďćőľłĺ, n = 2^m (íâő ŋě ïćńïěâáï áãéěáâćěŋŋëň őčàăŋĺçěŋĺěň, â.ł. ěáńĺ n < 2^m, âő ăńäăćĺâ ňőęěâ ąëâì àăáèĺàěŋ ŕãâěň ććěďěŋĺï ć ŋěčő 2^m−n ŕãáâëå áĺňćőńőć, ĺňěîéĺå ŋãńěćëě ćěàőïâŋőáâĺ ŕőïćńěŋĺï, ŕàĺ âàĺćĺăńìŋëå ĺğňěŋěŋĺïå ć ăńčőàĺâňăå). Ŕãáâì ĺáâőçŋĺł ŕőàőęďăěâ áőőąéěŋĺě x_1 . . . x_{l−1}x_l . . . , x_i ∈ A ďńï ćáěå i. Őłŋő őŕàěďěńïěâáï łăł ŕőáńěďőćăâěńìŋőáâì ŕőáńěďŋĺå w áĺňćőńőć, ŕőàőęďěŋŋëå ĺáâőçŋĺłőň, čďě w őąőğŋăçăěâ àăğňěà őłŋă. Ć ŋěłőâőàëľ ňőňěŋâ ćàěňěŋĺ l őłŋő áőďěàęĺâ áĺňćőńë x_{l−w} . . . x_{l−2}x_{l−1}. Ćő ćàěňï łőďĺàőćăŋĺï (ĺńĺ ďěłőďĺàőćăŋĺï) őłŋő “áłőńìğĺâ” ćďőńì áőőąéěŋĺï: łăł âőńìłő őçěàěďŋőľ ğăłőďĺàőćăŋŋëľ áĺňćőń ććőďĺâáï ć őłŋő, áăňëľ “áâăàëľ” áĺňćőń ãďăńïěâáï. Łăęďőľ ąãłćě a_i ∈ A ŕőáâăćńěŋ ć áőőâćěâáâćĺě áçěâçĺł c_i, ğŋăçěŋĺě łőâőàőčő àăćŋő çĺáńã ŕőïćńěŋĺľ ąãłćë a_i ć âěłãéěň őłŋě ŕńîá ěďĺŋĺæă. Śőćőłãŕŋőáâì íâĺå áçěâçĺłőć ŕőğćőńïěâ őŕàěďěńïâì çăáâőâã ćáâàěçăěňőáâĺ ďńï łăęďőľ ąãłćë. (Ŕàĺąăćńěŋĺě ěďĺŋĺæë čăàăŋâĺàãěâ, çâő ŋĺłăłăï ąãłćă ăńäăćĺâă ŋě ąãďěâ ĺňěâì ŋãńěćãî çăáâőâã ćáâàěçăěňőáâĺ, âăł łăł ńîąăï ąãłćă ňőęěâ ŕőïćĺâìáï ŋă ćëåőďě ĺáâőçŋĺłă ć áńěďãîéĺľ ňőňěŋâ ćàěňěŋĺ, ďăęě ěáńĺ őŋă őâáãâáâćőćăńă ć âěłãéěň őłŋě.) Ś ãçěâőň íâĺå ďőŕãéěŋĺľ áãňňă ćáěå áçěâçĺłőć àăćŋă àăğňěàã őłŋă ŕńîá àăğňěà ăńäăćĺâă ĺáâőçŋĺłă: ∑_n i=1 c_i = w + n.

Şďőąŋő ćëąàăâì àăğňěà őłŋă w âăłĺň őąàăğőň, çâőąë

w + n = 2^τ , (1) čďě τ — ŋěłőâőàőě ŕőńőęĺâěńìŋőě æěńőě çĺáńő. Šőčďă őæěŋłĺ ćěàőïâŋőáâěľ ŕőïćńěŋĺï áĺňćőńőć p̂(a_1), p̂(a_2), . . . , p̂(a_n) ňőčãâ ąëâì ŕőńãçěŋë łăł p̂(a_i) = c_i/2^τ ďńï ćáěå i. Ŕăàăňěâà τ ć íâőň áńãçăě âăłęě ğăďăěâ àăğňěà áçěâçĺłőć ć ąĺâăå.

Őąőğŋăçĺň őçěàěďŋőľ áĺňćőń, łőâőàëľ ďőńęěŋ ąëâì ğăłőďĺàőćăŋ, çěàěğ u, ă ŕőáńěďŋĺľ áĺňćőń ć őłŋě, łőâőàëľ ďőńęěŋ ąëâì ãďăńěŋ, çěàěğ v (ć ňőňěŋâ ćàěňěŋĺ l ĺňěěň u = x_l ĺ v = x_{l−w}). Ăďăŕâĺćŋőě łőďĺàőćăŋĺě áĺňćőńă ćëŕőńŋïěâáï áńěďãîéĺň őąàăğőň: 1) ğăłőďĺàãěň u ć áőőâćěâáâćĺĺ á âěłãéĺň őæěŋőçŋëň àăáŕàěďěńěŋĺěň ćěàőïâŋőáâěľ (p̂(u) = c(u)/2^τ ); 2) ãňěŋìèĺň ŋă ěďĺŋĺæã áçěâçĺł c(v), áőőâćěâáâćãîéĺľ ąãłćě v; 3) ãďăńĺň v ĺğ őłŋă; 4) ãćěńĺçĺň ŋă ěďĺŋĺæã áçěâçĺł c(u), áőőâćěâáâćãîéĺľ ąãłćě u; 5) ććěďěň u ć őłŋő. Ğăňěâĺň, çâő ĺâőčőćăï áãňňă ćáěå áçěâçĺłőć őáâăěâáï ŕőáâőïŋŋőľ (àăćŋőľ 2^τ ).

Ďěłőďěà ŕàĺ ãáńőćĺĺ, çâő őŋ ŋăçĺŋăěâ àăąőâã á âěň ęě áăňëň áőďěàęĺňëň áçěâçĺłőć, çâő ĺ łőďěà, ďěłőďĺàãěâ áĺňćőń ć áőőâćěâáâćĺĺ á âěłãéĺňĺ őæěŋłăňĺ ćěàőïâŋőáâěľ, ŕőáńě çěčő ĺğňěŋïěâ áçěâçĺłĺ ĺ áďćĺčăěâ őłŋő âőçŋő âăł ęě, łăł łőďěà.

Łőďĺàőćăŋĺě áĺňćőńă ŕàĺ ğăďăŋŋőň őæěŋőçŋőň àăáŕàěďěńěŋĺĺ ćěàőïâŋőáâěľ ňőęěâ ąëâì ćëŕőńŋěŋő íääěłâĺćŋő, á ŕàőĺğćőńìŋő ŋĺğłőľ ĺğąëâőçŋőáâìî, ŕőáàěďáâćőň ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï (áň. § 5 ďńï ãâőçŋěŋĺï ďěâăńěľ ňěâőďă łőďĺàőćăŋĺï). İâőâ ŕàĺěň, őďŋăłő, âàěąãěâ, çâőąë ďńï łăęďőčő łőďĺàãěňőčő áĺňćőńă u = a_i ąëń ğăďăŋ ĺŋâěàćăń łãňãńïâĺćŋëå áãňň áçěâçĺłőć [Q_i, Q_{i+1}), čďě Q_∗ őŕàěďěńïîâáï áńěďãîéĺň őąàăğőň:

Q_1 = 0, Q_i = ∑ j<i c_j, i = 2, 3, . . . , n + 1 (2)

(ŕő íâĺň łãňãńïâĺćŋëň áãňňăň áâàőïâáï łőďőćëě áńőćă ć ăàĺäňěâĺçěáłőň łőďě).

Ŕàïňőě ćëçĺáńěŋĺě Q_∗ ŕő äőàňãńăň (2) âàěąãěâ O(n) őŕěàăæĺľ áńőęěŋĺï çĺáěń àăğňěàőň ć τ ąĺâ, ĺńĺ O(τn) ąĺâőćëå őŕěàăæĺľ. Ŋĺęě ňë őŕĺáëćăěň ňěâőď, łőâőàëľ ŕőğćőńïěâ ãňěŋìèĺâì ćàěňěŋŋãî áńőęŋőáâì ďő O(τ log n) őŕěàăæĺľ ŋăď ąĺâăňĺ.

Ąãďěň åàăŋĺâì ŋě âőńìłő áçěâçĺłĺ c_1, c_2, . . . (őąőğŋăçĺň íâő ňŋőęěáâćő çěàěğ C^1), ŋő âăłęě ĺ áãňňë ŕăà áçěâçĺłőć c_1 +c_2, c_3 +c_4, . . . (C^2), áãňňë çěâćěàőł c_1 +c_2 +c_3 +c_4, c_5 + c_6 + c_7 + c_8, . . . (C^3) ĺ â. ď. Ŋăŕàĺňěà, ěáńĺ n = 8, âő ŋěőąåőďĺňő åàăŋĺâì ňŋőęěáâćă C^1, C^2, C^3, łăł ŕőłăğăŋő ŋă àĺáãŋłě. Łăęďëľ íńěňěŋâ íâĺå ňŋőęěáâć ěáâì

C^1 : c_1 c_2 c_3 c_4 c_5 c_6 c_7 c_8

1 2 3 4 5 6 7 8

C^2 : c_1 + c_2 c_3 + c_4 c_5 + c_6 c_7 + c_8

1 2 3 4

C^3 : c_1 + c_2 + c_3 + c_4 c_5 + c_6 + c_7 + c_8 1 2 Śâàãłâãàă ňŋőęěáâć C^∗ ďńï n = 8

çĺáńő àăğňěàőň ć τ ąĺâ, ĺ ćáěčő âàěąãěâáï (2n − 2)τ ąĺâ ŕăňïâĺ, çâőąë ğăŕőňŋĺâì ćáě íâĺ çĺáńă. Ćăęŋő âő, çâő ĺáŕőńìğőćăŋĺě íâĺå ňŋőęěáâć ŕőğćőńïěâ áãéěáâćěŋŋő ãáłőàĺâì ćëçĺáńěŋĺě łãňãńïâĺćŋëå ćěàőïâŋőáâěľ. Ŋăŕàĺňěà, Q_4 ĺ Q_8 ňőčãâ ąëâì ćëçĺáńěŋë łăł

Q_4 = c_1 + c_2 + c_3 = C^2_1 + C^1_3 , Q_8 = c_1 + c_2 + · · · + c_7 = C^3_1 + C^2_3 + C^1_7 .

Ńěčłő ćĺďěâì, çâő ćëçĺáńěŋĺě ńîąőčő Q_i, i = 2, 3, . . . , 8, âàěąãěâ áńőęěŋĺï áăňőě ąőńìèěě âàěå çĺáěń.

Ć őąéěň áńãçăě ŕàĺ ğăďăŋŋëå áçěâçĺłăå c_1, c_2, . . . , c_n, n = 2^m, ňŋőęěáâćă C^i, i = 1, 2, . . . , m, áâàőïâáï áńěďãîéĺň őąàăğőň:

C^1_1 = c_1, C^1_2 = c_2, . . . , C^1_n = c_n, C^2_1 = c_1 + c_2, C^2_2 = c_3 + c_4, . . . , C^2_{n/2} = c_{n−1} + c_n, C^3_1 = c_1 + · · · + c_4, C^3_2 = c_5 + · · · + c_8, . . . , C^3_{n/4} = c_{n−3} + · · · + c_n, . . . C^m_1 = c_1 + c_2 + · · · + c_{n/2}, C^m_2 = c_{n/2+1} + c_{n/2+2} + · · · + c_n.

Őâňěâĺň, çâő ŋě ćáě íńěňěŋâë íâĺå ňŋőęěáâć ĺáŕőńìğãîâáï ć ćëçĺáńěŋĺïå. Ťăłâĺçěáłĺ, ďőáâăâőçŋő åàăŋĺâì ć ŕăňïâĺ âőńìłő íńěňěŋâë á ŋěçěâŋëňĺ ĺŋďěłáăňĺ. Šěň ŋě ňěŋěě, ňë ąãďěň ŕőńìğőćăâìáï ćëèěŕàĺćěďěŋŋőľ łőŋáâàãłæĺěľ ďńï őąńěčçěŋĺï ŕőŋĺňăŋĺï.

Ŕőłăęěň, łăł ňőęŋő ćëçĺáńĺâì Q_{k+1}, k = 1, 2, . . . , n (ŋăŕőňŋĺň, çâő Q_1 = 0). Ŕãáâì k ĺňěěâ ďćőĺçŋőě àăğńőęěŋĺě k_mk_{m−1} . . . k_1, čďě łăęďăï æĺäàă k_i àăćŋă ŋãńî ĺńĺ ěďĺŋĺæě. Šőčďă Q_{k+1} = k_mC^m_{⌊2k/n⌋} + k_{m−1}C^{m−1}_{⌊4k/n⌋} + k_{m−2}C^{m−2}_{⌊8k/n⌋} + · · · + k_1C^1_k (ğăňěâĺň, çâő ć ćëçĺáńěŋĺĺ ãçăáâćãîâ âőńìłő âě C^i_j, ďńï łőâőàëå k_i = 1). Ďăŋŋăï áãňňă ĺňěěâ ŋě ąőńěě m = log n τ-ąĺâŋëå áńăčăěňëå, âăł çâő ćàěňï ćëçĺáńěŋĺï łãňãńïâĺćŋëå ćěàőïâŋőáâěľ áőáâăćńïěâ O(τ log n) ąĺâőćëå őŕěàăæĺľ.

Ŕàĺ ćłńîçěŋĺĺ ĺ ĺáłńîçěŋĺĺ íńěňěŋâőć ĺğ áłőńìğïéěčő őłŋă ŋěőąåőďĺňő ãćěńĺçĺćăâì ĺńĺ ãňěŋìèăâì áçěâçĺłĺ ŋă ěďĺŋĺæã. Ŕàĺ íâőň ćáě íńěňěŋâë ňŋőęěáâć, łőâőàëě ğăćĺáïâ őâ íâĺå áçěâçĺłőć, âăłęě ďőńęŋë ąëâì ãćěńĺçěŋë ĺńĺ ãňěŋìèěŋë. Ąőńěě âőçŋő, ãćěńĺçěŋĺě (ãňěŋìèěŋĺě) c_k ŋěőąåőďĺňő ğăňěŋĺâì ãćěńĺçěŋĺěň (ãňěŋìèěŋĺěň) C^1_k , C^2_{⌈k/2⌉}, C^3_{⌈k/4⌉}, . . . , C^m_{⌈k/(n/2)⌉}, çâő âàěąãěâ âăłęě O(τ log n) őŕěàăæĺľ ŋăď ąĺâăňĺ. Ŋăŕàĺňěà, çâőąë ãćěńĺçĺâì c_3 (áň. àĺáãŋőł) ŋěőąåőďĺňő ãćěńĺçĺâì ŋě âőńìłő C^1_3 , ŋő âăłęě C^2_2 ĺ C^3_1 .

Ŋăłőŋěæ, ŕőáńěďŋïï őŕěàăæĺï, łőâőàăï ĺáŕőńìğãěâ łãňãńïâĺćŋëě áãňňë áçěâçĺłőć — íâő ŋăåőęďěŋĺě ĺŋâěàćăńă I(z) = [Q_i, Q_{i+1}), áőďěàęăéěčő ğăďăŋŋőě çĺáńő z (ĺ ąãłćë u = a_i, łőâőàőľ íâőâ ĺŋâěàćăń áőőâćěâáâćãěâ). İâă ğăďăçă ćőğŋĺłăěâ ŕàĺ ďěłőďĺàőćăŋĺĺ, łőčďă çĺáńő z áőáâăćńïěâáï ĺğ áĺňćőńőć łőďőćőľ ŕőáńěďőćăâěńìŋőáâĺ (áň. ăńčőàĺâň ďěłőďĺàőćăŋĺï ć Ŕàĺńőęěŋĺĺ). Ŕőłăęěň, łăł ňőęŋő àěèĺâì íâã ğăďăçã ŕãâěň ĺáŕőńìğőćăŋĺï ňŋőęěáâć C^∗ ğă ćàěňï O(τ log n).

Ćŋăçăńě áàăćŋĺň z á C^m_1 . Ěáńĺ z < C^m_1 , âő ĺáłőňëľ ĺŋâěàćăń ŋăåőďĺâáï ćŋãâàĺ ĺŋâěàćăńă [0, C^m_1 ), ć ŕàőâĺćŋőň áńãçăě őŋ ŕàĺŋăďńěęĺâ ĺŋâěàćăńã [C^m_1 , 2^τ ). Ć ŕěàćőň áńãçăě ŕàőďőńęĺň áàăćŋěŋĺě z á C^{m−1}_1 , ă ćő ćâőàőň — á (C^m_1 +C^{m−1}_3 ), çâő ŕőğćőńĺâ ćëïćĺâì őďĺŋ ĺğ ĺŋâěàćăńőć [0, C^{m−1}_1 ), [C^{m−1}_1 , C^m_1 ), [C^m_1 , C^m_1 +C^{m−1}_3 ) ĺńĺ [C^m_1 +C^{m−1}_3 , 2^τ ), ĺ â. ď. Ŕàőæěďãàă ŋăåőęďěŋĺï ĺŋâěàćăńă I(z) ňőęěâ ąëâì őŕĺáăŋă łăł ĺâěàăâĺćŋëľ ŕàőæěáá:

k := m, j := 1, Q := 0; WHILE k ≠ 0 DO

j := 2j − 1;

IF z ≥ Q + C^k_j THEN Q := Q + C^k_j , j := j + 1; k := k − 1.

Ŕàőæěáá őáâăŋăćńĺćăěâáï, łőčďă k = 0, ĺ ňë ĺňěěň I(z) = [Q, Q+C^1_j ), ğăłőďĺàőćăŋŋëľ áĺňćőń u = a_j . Šăł łăł łőńĺçěáâćő ĺâěàăæĺľ ć íâőň ăńčőàĺâňě àăćŋő m = log n, ćàěňï ćëçĺáńěŋĺľ àăćŋő O(τ log n).

Šěŕěàì őŕàěďěńĺň ğŋăçěŋĺě ŕăàăňěâàă τ. Ĺğ äőàňãńë (1) τ = log(w + n), čďě àăğňěà ăńäăćĺâă n ğăďăŋ, ă àăğňěà őłŋă w ňőęěâ ąëâì ćëąàăŋ âăł, çâőąë őąěáŕěçĺâì ęěńăěňãî ĺğąëâőçŋőáâì. Ćğăĺňőáćïğì ňěęďã àăğňěàőň őłŋă ĺ ĺğąëâőçŋőáâìî ąãďěâ ãáâăŋőćńěŋă ŋĺęěáńěďãîéěľ âěőàěňőľ, ŋő ŕàěďćăàĺâěńìŋő ŋěőąåőďĺňő ãâőçŋĺâì ĺáŕőńìğãěňőě ć ŋěľ ŕőŋïâĺě ĺğąëâőçŋőáâĺ. Ňë ąãďěň àăááňăâàĺćăâì ćěàåŋîî čàăŋì ĺğąëâőçŋőáâĺ (â. ě. àăğŋőáâĺ ňěęďã áàěďŋěľ ďńĺŋőľ łőďőćőčő áńőćă ĺ íŋâàőŕĺěľ ĺáâőçŋĺłă), ćğïâãî ŕő ćáěňã ňŋőęěáâćã ĺáâőçŋĺłőć ąěğ ŕăňïâĺ, ŕőàőęďăîéĺå áĺňćőńë ĺğ ăńäăćĺâă A, ĺ ďńï łàăâłőáâĺ ąãďěň ŋăğëćăâì ěě ĺğąëâőçŋőáâìî r, łăł ŕàěęďě.

Š ě ő à ě ň ă 1. Ŕãáâì ďăŋ ĺáâőçŋĺł ąěğ ŕăňïâĺ, ŕőàőęďăîéĺľ ąãłćë ć ăńäăćĺâě A = {a_1, a_2, . . . , a_n}. Ŕãáâì ďńï łőďĺàőćăŋĺï íâőčő ĺáâőçŋĺłă ĺáŕőńìğãěâáï ăďăŕâĺćŋăï áåěňă, ŕőáâàőěŋŋăï ŋă őáŋőćě őąêěďĺŋěŋĺï áłőńìğïéěčő őłŋă àăğňěàőň ć w áĺňćőńőć, w + n = 2^τ , ĺ ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï. Šőčďă ĺğąëâőçŋőáâì r ãďőćńěâćőàïěâ ŋěàăćěŋáâćã r < log e n − 1 w + 1 + n + 1 w + n . (3)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺğąëâőçŋőáâì r őæěŋĺćăěâáï áćěàåã áãňňőľ ďćãå ĺğąëâőçŋőáâěľ — r_m (őąãáńőćńěŋŋőľ ğăňěŋőľ ŋěĺğćěáâŋëå ćěàőïâŋőáâěľ áĺňćőńőć ĺå őæěŋłăňĺ) ĺ r_c (ćŋőáĺňőľ łőďěàőň): r ≤ r_m + r_c. Řăááňőâàĺň őąě áőáâăćńïîéĺě ŕő őâďěńìŋőáâĺ.

Ĺğąëâőçŋőáâì r_m őŕàěďěńïěâáï áńěďãîéĺň àăćěŋáâćőň:

r_m = ∑ v∈A^w p(v) ∑ a∈A p(a) log 1 p̂_v(a) − ∑ a∈A p(a) log 1 p(a) . (4)

Ğďěáì áńőćő v őąőğŋăçăěâ áőďěàęĺňőě őłŋă, őŕàěďěńïîéěě őæěŋłã ćěàőïâŋőáâĺ p̂_v(a) ďńï łőďĺàãěňőčő áĺňćőńă a, p̂_v(a) = c_v(a)/2^τ , p(v) őąőğŋăçăěâ ćěàőïâŋőáâì ŕőïćńěŋĺï v ŋă ćëåőďě ĺáâőçŋĺłă. Ŕěàćăï áãňňă ć (4) ňőęěâ ĺŋâěàŕàěâĺàőćăâìáï łăł íŋâàőŕĺï ňőďěńĺ, ćâőàăï — łăł íŋâàőŕĺï ĺáâőçŋĺłă. Śńěďãîéăï æěŕőçłă àăćěŋáâć ĺ ŋěàăćěŋáâć ďăěâ őæěŋłã ďńï r_m.

r_m = ∑ v∈A^w p(v) ∑ a∈A p(a) log

2^τ c_v(a) − ∑ a∈A p(a) log 1 p(a) = = ∑ v∈A^w p(v) ∑ a∈A p(a) log

2^τ p(a) c_v(a) = = log e ∑ v∈A^w p(v) ∑ a∈A p(a) ln ( 2^τ p(a) c_v(a) − 1 + 1 ) ≤ ≤ log e ∑ v∈A^w p(v) ∑ a∈A p(a) ( 2^τ p(a) c_v(a) − 1 ) =

= log e ( ∑ a∈A w∑ i=0 ( w i ) p(a)^{i+1}(1 − p(a))^{w−i} 2^τ p(a) i + 1 ) − log e =

= log e ( ∑ a∈A p(a) w∑ i=0 2^τ w + 1 ( w + 1 i + 1 ) p(a)^{i+1}(1 − p(a))^{(w+1)−(i+1)} ) − log e <

< log e ( 2^τ w + 1 ∑ a∈A p(a) w+1∑ i=0 ( w + 1 i + 1 ) p(a)^{i+1}(1 − p(a))^{(w+1)−(i+1)} ) − log e =

= log e

2^τ w + 1

− log e = log e

2^τ − (w + 1) w + 1 = = log e n − 1 w + 1 . Ğďěáì ąëńő ĺáŕőńìğőćăŋő ŋěàăćěŋáâćő ln(x + 1) < x ĺ áćőľáâćă àăáŕàěďěńěŋĺï Ąěàŋãńńĺ.

Ć áőőâćěâáâćĺĺ áő áńěďáâćĺěň ł âěőàěňě 4, ĺğąëâőçŋőáâì ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï ŕàĺ ãáńőćĺĺ, çâő ňĺŋĺňăńìŋăï ćěàőïâŋőáâì áĺňćőńă àăćŋă 1/2^τ ĺ àěčĺáâàë àăğňěàőň ć t ąĺâ ĺáŕőńìğãîâáï ŕàĺ ćëçĺáńěŋĺïå, t ≥ τ +2, ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

r_c < (n + 1)(τ + log e)2^{−(t−2)}.

Ňőęŋő ćëąàăâì ńîąőě t = O(τ), τ → ∞, ąěğ ãćěńĺçěŋĺï ăáĺňŕâőâĺçěáłőľ áńőęŋőáâĺ ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï. Ŕãáâì

t = ⌈τ + log(τ + log e)⌉ + 2. (5)

Šőčďă

r_c < (n + 1)(τ + log e)2^{−(τ +log(τ +log e))} =

(n + 1)(τ + log e) (τ + log e)2^τ = n + 1 w + n . ▲

Ğăňěâĺň, çâő àăćěŋáâćő (5) ďăěâ àăğãňŋëľ ćëąőà ŕăàăňěâàă t ďńï ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï. Ŕăàăňěâà t äăłâĺçěáłĺ őŕàěďěńïěâ âőçŋőáâì ăàĺäňěâĺłĺ, ĺáŕőńìğãîéěľáï ć ăńčőàĺâňăå ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï ĺ ďěłőďĺàőćăŋĺï. Ěáńĺ ćğïâì ğŋăçěŋĺě t ňěŋìèě ğŋăçěŋĺï, ŕàěďŕĺáăŋŋőčő ŋěàăćěŋáâćőň (5), âő ĺğąëâőçŋőáâì łőďěàă ňőęěâ ğăňěâŋő ŕàěćëáĺâì ĺğąëâőçŋőáâì, áćïğăŋŋãî á ŋěğŋăŋĺěň áâăâĺáâĺłĺ ĺáâőçŋĺłă, ĺ ć íâőň áńãçăě ŕăňïâì, őâćőďĺňăï ďńï åàăŋěŋĺï őłŋă, ąãďěâ ĺáŕőńìğőćăâìáï ŋěíääěłâĺćŋő. Ěáńĺ t ňŋőčő ąőńìèě ŕàăćőľ çăáâĺ ć (5), âő àőáâ ćëçĺáńĺâěńìŋőľ áńőęŋőáâĺ łőďěàă ĺ ďěłőďěàă áâăŋőćĺâáï ŋěőŕàăćďăŋŋëň, âăł łăł ŋě ŕàĺćőďĺâ ł áãéěáâćěŋŋőňã áŋĺęěŋĺî őąéěľ ĺğąëâőçŋőáâĺ. Ěáńĺ ğŋăçěŋĺě t ćëąĺàăěâáï ąńĺğłĺň ł ŋĺęŋěľ čàăŋĺæě ć (5), âő ĺğąëâőçŋőáâĺ łőďěàă ĺ ňőďěńĺ áâăŋőćïâáï ćěńĺçĺŋăňĺ őďŋőčő ŕőàïďłă, çâő ŕàĺćőďĺâ ł ŋăĺąőńěě áąăńăŋáĺàőćăŋŋőňã àőáâã ćëçĺáńĺâěńìŋőľ áńőęŋőáâĺ ŕàĺ ãňěŋìèěŋĺĺ őąéěľ ĺğąëâőçŋőáâĺ.

Śńěďãîéăï ŋăèă ğăďăçă áőáâőĺâ ć őæěŋĺćăŋĺĺ áńőęŋőáâĺ ŕàěďńőęěŋŋőľ ăďăŕâĺćŋőľ áåěňë.

Őąêěň ŕăňïâĺ łőďěàă ĺ ďěłőďěàă őŕàěďěńïěâáï ŋěőąåőďĺňőáâìî åàăŋĺâì őłŋő, çâő âàěąãěâ w log n ąĺâ, ňŋőęěáâćă C^∗ ďńï ŕőďďěàęłĺ őŕěàăæĺľ á łãňãńïâĺćŋëňĺ áãňňăňĺ áçěâçĺłőć, çâő âàěąãěâ τ(n − 1) ąĺâ, ĺ ćŋãâàěŋŋĺě àěčĺáâàë ďńï ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï, çâő âàěąãěâ O(t) ąĺâ.

Ćàěňï łőďĺàőćăŋĺï ĺ ďěłőďĺàőćăŋĺï ć ŕěàěáçěâě ŋă áĺňćőń ĺáâőçŋĺłă őŕàěďěńïěâáï ćàěňěŋěň ćëŕőńŋěŋĺï őŕěàăæĺľ á ňŋőęěáâćăňĺ C^∗, çâő âàěąãěâ O(τ log n) ąĺâőćëå őŕěàăæĺľ, ĺ ćëçĺáńěŋĺěň čàăŋĺæ ĺŋâěàćăńőć ć ăàĺäňěâĺçěáłőň łőďĺàőćăŋĺĺ, ŕàĺ łőâőàőň ĺáŕőńìğãěâáï t-ąĺâŋőě ãňŋőęěŋĺě ĺ (ŕàĺ ďěłőďĺàőćăŋĺĺ) ďěńěŋĺě, çâő, ć áćőî őçěàěďì, âàěąãěâ O(t log t log log t) ąĺâőćëå őŕěàăæĺľ ŕàĺ t → ∞ (ŕàĺ ĺáŕőńìğőćăŋĺĺ ňěâőďă Ÿěŋåăčě–Ÿâàăááěŋă [14], łőâőàëľ ïćńïěâáï áăňëň ąëáâàëň ĺğ ĺğćěáâŋëå ňěâőďőć ãňŋőęěŋĺï ĺ ďěńěŋĺï).

Śćőľáâćă ňěâőďă åăàăłâěàĺğãěâ áńěďãîéăï Š ě ő à ě ň ă 2. Ŕãáâì ďăŋ ĺáâőçŋĺł ąěğ ŕăňïâĺ, ŕőàőęďăîéĺľ ąãłćë ć ŋěłőâőàőň ăńäăćĺâě àăğňěàă n. Ŕãáâì ł íâőňã ĺáâőçŋĺłã ŕàĺňěŋïěâáï ăďăŕâĺćŋăï áåěňă, őáŋőćăŋŋăï ŋă áłőńìğïéěň őłŋě ĺ ăàĺäňěâĺçěáłőň łőďĺàőćăŋĺĺ ĺ őąěáŕěçĺćăîéăï ğăďăŋŋãî ĺğąëâőçŋőáâì r. Šőčďă őąêěň ŕăňïâĺ łőďěàă ĺ ďěłőďěàă S ĺ ćàěňï łőďĺàőćăŋĺï ĺ ďěłőďĺàőćăŋĺï T åăàăłâěàĺğãîâáï áńěďãîéĺňĺ őæěŋłăňĺ:

S < const (n r log n + n log n r ) , (6)

T < const ( log n r ( log n + log log n r log log log n r )) . (7)

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺğ àăćěŋáâćă (5), őŕàěďěńïîéěčő ćëąőà ŕăàăňěâàă t ďńï ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï, t = O(τ), τ → ∞. Ĺğ (1) τ = log(w + n). Ĺğ âěőàěňë 1 ňőęěâ ąëâì ńěčłő ŕőńãçěŋă ćěàåŋïï őæěŋłă ďńï àăğňěàă őłŋă ŕàĺ ğăďăŋŋëå ĺğąëâőçŋőáâĺ ĺ àăğňěàě ăńäăćĺâă w < const(n/r). Ŕàĺąăćńïï ł őąěĺň çăáâïň íâőčő ŋěàăćěŋáâćă n ĺ ńőčăàĺäňĺàãï, ŕőńãçăěň log(w + n) < const log(n/r). Šőčďă w log n < const(n/r) log n, τ(n − 1) < const n log(n/r), t < const log(n/r). Śãňňĺàőćăŋĺě ďőňĺŋĺàãîéĺå áńőęŋőáâěľ ćáěå őŕěàăæĺľ ŕàĺćőďĺâ ł ãâćěàęďěŋĺî âěőàěňë. ▲ Řăááňőâàĺň ďćă áńěďáâćĺï ĺğ âěőàěňë 2.

Ś ń ě ď á â ć ĺ ě 1. Ěáńĺ àăğňěà ăńäăćĺâă n àăáâěâ, ă ĺğąëâőçŋőáâì r őáâăěâáï ŕőáâőïŋŋőľ, âő S = O(n log n), T = O(log^2 n).

Őæěŋłă ćàěňěŋĺ ğďěáì ńãçèě, çěň ďńï ĺğćěáâŋëå ňěâőďőć, ďńï łőâőàëå T = O(n log n).

Ś ń ě ď á â ć ĺ ě 2. Ěáńĺ àăğňěà ăńäăćĺâă n äĺłáĺàőćăŋ, ă ĺğąëâőçŋőáâì r áâàěňĺâáï ł ŋãńî, âő S = O(1/r), T = O(log(1/r) log log(1/r) log log log(1/r)).

Ćàěňï łőďĺàőćăŋĺï ğďěáì őŕàěďěńïěâáï ć őáŋőćŋőň áńőęŋőáâìî ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï (âàěąãîéěčő ãňŋőęěŋĺľ ĺ ďěńěŋĺľ çĺáěń àăğàïďŋőáâìî t = O(log(1/r))). Ć § 3 ąãďěâ ŕőłăğăŋő, łăł ãňěŋìèĺâì őąêěň ŕăňïâĺ ďő O(log(1/r)) ąĺâ ŕãâěň ĺáŕőńìğőćăŋĺï áåěňë ňŋĺňőčő áłőńìğïéěčő őłŋă.

§ 3. Ĺáŕőńìğőćăŋĺě ňŋĺňőčő áłőńìğïéěčő őłŋă ďńï ãňěŋìèěŋĺï őąêěňă ŕăňïâĺ łőďěàă ĺ ďěłőďěàă

Ć ďăŋŋőň ŕăàăčàăäě áŋăçăńă ŕàĺćőďĺâáï łàăâłőě őŕĺáăŋĺě áåěňë ňŋĺňőčő áłőńìğïéěčő őłŋă ć äőàňě, ŕőğćőńïîéěľ áőćňěáâĺâì íâã áåěňã á ňěâőďăňĺ łőďĺàőćăŋĺï, àăááňőâàěŋŋëňĺ ć ŕàěďëďãéĺå ŕăàăčàăäăå.

Ŕãáâì, ŕő-ŕàěęŋěňã, ďăŋ ĺáâőçŋĺł ąěğ ŕăňïâĺ, őŕàěďěńěŋŋëľ ć § 2. Ąãďěň ĺáŕőńìğőćăâì âě ęě áăňëě ŕőŋïâĺï őłŋă, áçěâçĺłőć ĺ áŕőáőąă őæěŋĺćăŋĺï ćěàőïâŋőáâěľ. Őąőğŋăçĺň çěàěğ ν_i çĺáńő ŕőïćńěŋĺľ ąãłćë a_i ∈ A ć âěłãéěň őłŋě, ν_i = c_i − 1 ďńï ćáěå i. Őŕàěďěńĺň ξ łăł áńãçăľŋãî ćěńĺçĺŋã, ŕàĺŋĺňăîéãî ğŋăçěŋĺï ĺğ ňŋőęěáâćă 1, 2, . . . , n á ćěàőïâŋőáâïňĺ Pr{ξ = i} = ν_i w , i = 1, 2, . . . , n. (8)

Łőďĺàőćăŋĺě őçěàěďŋőčő áĺňćőńă u á ĺáŕőńìğőćăŋĺěň ňŋĺňőčő áłőńìğïéěčő őłŋă ćëŕőńŋïěâáï áńěďãîéĺň őąàăğőň: 1) łőďĺàãěň u ć áőőâćěâáâćĺĺ á âěłãéĺň őæěŋőçŋëň àăáŕàěďěńěŋĺěň ćěàőïâŋőáâěľ (p̂(u) = c(u)/2^τ ); 2) čěŋěàĺàãěň áńãçăľŋãî ćěńĺçĺŋã ξ; 3) ãňěŋìèăěň ŋă ěďĺŋĺæã áçěâçĺł c_ξ, â. ě. áçěâçĺł, áőőâćěâáâćãîéĺľ ξ-ľ ąãłćě ăńäăćĺâă A; 4) ãćěńĺçĺćăěň ŋă ěďĺŋĺæã áçěâçĺł c(u), áőőâćěâáâćãîéĺľ ąãłćě u.

Őâńĺçĺâěńìŋăï őáőąěŋŋőáâì íâőľ áåěňë áőáâőĺâ ć âőň, çâő ćňěáâő áçěâçĺłă, áőőâćěâáâćãîéěčő ŕőáńěďŋěňã áĺňćőńã ć őłŋě, ŋă ěďĺŋĺæã ãňěŋìèăěâáï áńãçăľŋő ćëąàăŋŋëľ áçěâçĺł. Ŕőíâőňã ŋěâ ŋěőąåőďĺňőáâĺ åàăŋĺâì őłŋő, çâő őáćőąőęďăěâ w log n ąĺâ ŕăňïâĺ, â. ě. íłáŕőŋěŋæĺăńìŋő ãňěŋìèăěâ őąêěň ŕăňïâĺ ŕő áàăćŋěŋĺî á őąëçŋëň (àěăńìŋëň) áłőńìğïéĺň őłŋőň. Ć àăąőâě [13] ąëńő ŕőłăğăŋő, çâő á àőáâőň çĺáńă ğăłőďĺàőćăŋŋëå áĺňćőńőć àăáŕàěďěńěŋĺě çăáâőâ, äőàňĺàãěňőě ňŋĺňëň áłőńìğïéĺň őłŋőň, áåőďĺâáï ŕő ćěàőïâŋőáâĺ ł àăáŕàěďěńěŋĺî çăáâőâ, őŕàěďěńïěňőňã őąëçŋëň áłőńìğïéĺň őłŋőň, á íłáŕőŋěŋæĺăńìŋőľ áłőàőáâìî. İâő őğŋăçăěâ, çâő ňŋĺňőě áłőńìğïéěě őłŋő ŕàőïćńïěâ âě ęě áćőľáâćă, çâő ĺ őąëçŋőě áłőńìğïéěě őłŋő, ă ĺňěŋŋő, őŋő ŕőğćőńïěâ ďőáâăâőçŋő âőçŋő őæěŋĺćăâì áâăâĺáâĺłã ĺáâőçŋĺłă ĺ ąëáâàő ăďăŕâĺàãěâáï ć áńãçăě ĺğňěŋěŋĺï áâăâĺáâĺłĺ.

Řăááňőâàĺň ğăďăçã čěŋěàăæĺĺ áńãçăľŋőľ ćěńĺçĺŋë ξ. Ąãďěň ŕőńăčăâì, çâő ĺňěěâáï ďćőĺçŋëľ ĺáâőçŋĺł, ŕőàőęďăîéĺľ ŕőáńěďőćăâěńìŋőáâì z_1z_2 . . . z_k . . . , čďě łăęďëľ íńěňěŋâ z_k ∈ {0, 1}, Pr{z_k = 0} = Pr{z_k = 1} = 1/2, ĺ ćáě áĺňćőńë áâăâĺáâĺçěáłĺ ŋěğăćĺáĺňë. Ňë ŋě àăááňăâàĺćăěň ğďěáì áńőęŋőáâì ŕőńãçěŋĺï áńãçăľŋëå ąĺâ. Ŋăèă æěńì áőáâőĺâ ć ŕàěőąàăğőćăŋĺĺ ŕőáńěďőćăâěńìŋőáâĺ áńãçăľŋëå ąĺâ ć ğŋăçěŋĺï áńãçăľŋőľ ćěńĺçĺŋë ξ á àăáŕàěďěńěŋĺěň ćěàőïâŋőáâěľ (8). Őąőğŋăçĺň çěàěğ z áńãçăľŋőě çĺáńő, ŕőáâàőěŋŋőě ĺğ τ áńãçăľŋëå ąĺâ, â. ě. ďćőĺçŋőě àăğńőęěŋĺě z ěáâì z_1z_2 . . . z_τ . §áŋő, çâő z ňőęěâ ŕàĺŋïâì ńîąőě ğŋăçěŋĺě ĺğ ňŋőęěáâćă {0, 1, . . . , 2^τ − 1} á ćěàőïâŋőáâìî 1/2^τ . Šăłęě ïáŋő, çâő ďńï ńîąőčő w < 2^τ ŕàőæěáá čěŋěàăæĺĺ z ďő âěå ŕőà ŕőłă ŋě ąãďěâ ŕőńãçěŋő z < w ďăáâ áńãçăľŋãî ćěńĺçĺŋã z^∗, łőâőàăï ąãďěâ ŕàĺŋĺňăâì ńîąőě ğŋăçěŋĺě ĺğ ňŋőęěáâćă {0, 1, . . . , w − 1} á ćěàőïâŋőáâìî 1/w.

Őŕàěďěńĺň

Θ_1 = 0, Θ_i = ∑ j<i ν_j , i = 2, 3, . . . , n + 1, Θ_{n+1} = w.

Řăááňőâàĺň áńãçăľŋãî ćěńĺçĺŋã ξ, őŕàěďěńěŋŋãî ŋă {0, 1, . . . , w−1}, âăłãî, çâő ξ = i âőčďă ĺ âőńìłő âőčďă, łőčďă Θ_i ≤ z^∗ < Θ_{i+1}. Ńěčłő ňőęěâ ąëâì ŋăľďěŋő, çâő

Pr{ξ = i} = Pr{Θ_i ≤ z^∗ < Θ_{i+1}} =

Θ_{i+1} − Θ_i w = ν_i w . İâő łăł àăğ âő àăáŕàěďěńěŋĺě (8), łőâőàőě ňë áâàěňĺńĺáì ŕőńãçĺâì.

Ŕěàěåőďï ł àěăńĺğăæĺĺ íâőľ ŕàőæěďãàë, őâňěâĺň, çâő ŋăåőęďěŋĺě Θ_i ĺ Θ_{i+1} ŕàĺ ğăďăŋŋőň z^∗ — âă ęě áăňăï ğăďăçă, çâő ĺ ŋăåőęďěŋĺě ĺŋâěàćăńă ĺ áőőâćěâáâćãîéěčő ěňã áĺňćőńă ŕàĺ ăàĺäňěâĺçěáłőň ďěłőďĺàőćăŋĺĺ (łăł íâő ąëńő őŕĺáăŋő ć § 2). Śńěďőćăâěńìŋő, íâă ŕàőæěďãàă ňőęěâ ąëâì íääěłâĺćŋő ćëŕőńŋěŋă ŕàĺ ĺáŕőńìğőćăŋĺĺ áâàãłâãàë ďăŋŋëå C^∗, őŕàěďěńěŋŋőľ ć § 2. Ěďĺŋáâćěŋŋőě őâńĺçĺě ğďěáì áőáâőĺâ ć âőň, çâő ğŋăçěŋĺï ν_i ŋă ěďĺŋĺæã ňěŋìèě áçěâçĺłőć c_i, ãçăáâćãîéĺå ć ŕőáâàőěŋĺĺ C^∗. İâő őâńĺçĺě ňőęěâ ąëâì ãçâěŋő ŕãâěň ćëçĺâăŋĺï ćěńĺçĺŋë s = 2^{k−1} ĺğ C^k_j . Ğăŕĺèěň ăńčőàĺâň čěŋěàăæĺĺ áńãçăľŋőľ ćěńĺçĺŋë ξ:

ă) REPEAT čěŋěàăæĺï áńãçăľŋőčő çĺáńă z UNTIL z < 2^τ − n; ą) k := m, i := 1, Θ := 0, s := 2^{m−1}; WHILE k ≠ 0 DO i := 2i − 1;

IF z ≥ Θ + C^k_i − s THEN Θ := Θ + C^k_i − s, i := i + 1; s := s/2, k := k − 1. Łőčďă ŕàőæěáá őáâăŋăćńĺćăěâáï, ňë ĺňěěň ξ = i.

Őąőğŋăçĺň çěàěğ N_a áàěďŋěě çĺáńő ĺâěàăæĺľ ć ă). Šăł łăł łăęďăï áńěďãîéăï ĺâěàăæĺï ćëŕőńŋïěâáï á ćěàőïâŋőáâìî n/2^τ , âő

N_a = 1 + n 2^τ ( 1 + n 2^τ

(1 + · · ·) ) = 1 + n 2^τ + ( n 2^τ

)_2 + · · · = 1 1 − n/2^τ . Łăęďăï ĺğ m = log n ĺâěàăæĺľ ć ą) âàěąãěâ O(τ) ąĺâőćëå őŕěàăæĺľ. Őâáîďă ŕőńãçăěň áàěďŋîî áńőęŋőáâì ăńčőàĺâňă čěŋěàăæĺĺ ξ

T_ξ = O ( 1 1 − n/2^τ + t log n ) = O(τ log n), τ → ∞, n → ∞, çâő ŋě ãćěńĺçĺćăěâ őąéěľ ăáĺňŕâőâĺçěáłőľ áńőęŋőáâĺ ňěâőďă (ğďěáì ňë ŕőńăčăěň, çâő ŕàĺ ďőáâĺęěŋĺĺ ğăďăŋŋőľ ĺğąëâőçŋőáâĺ 2^τ àăáâěâ ąëáâàěě, çěň n).

Ćáě àěğãńìâăâë, ŕőńãçěŋŋëě ć íâőň ŕăàăčàăäě, ňőčãâ ąëâì ĺğńőęěŋë ć ćĺďě áńěďãîéěľ âěőàěňë.

Š ě ő à ě ň ă 3. Ŕãáâì ďăŋ ĺáâőçŋĺł ąěğ ŕăňïâĺ, ŕőàőęďăîéĺľ ąãłćë ć ăńäăćĺâě A = {a_1, a_2, . . . , a_n}. Ŕãáâì ďńï łőďĺàőćăŋĺï áőőąéěŋĺï ĺáâőçŋĺłă ĺáŕőńìğãěâáï ăďăŕâĺćŋăï áåěňă, őáŋőćăŋŋăï ŋă ňŋĺňőň áłőńìğïéěň őłŋě áő áçěâçĺłăňĺ àăğňěàőň ć τ ąĺâ ĺ ŋă ăàĺäňěâĺçěáłőň łőďĺàőćăŋĺĺ. Šőčďă

1) ĺğąëâőçŋőáâì r ăáĺňŕâőâĺçěáłĺ őčàăŋĺçěŋă áćěàåã á ŕőňőéìî ŋěàăćěŋáâćă r < log e n − 1 2^τ − n + 1 + n + 1 2^τ

; (9)

2) őąêěň ŕăňïâĺ łőďěàă (ďěłőďěàă) S ĺ ćàěňï łőďĺàőćăŋĺï (ďěłőďĺàőćăŋĺï) T ğăďăîâáï áńěďãîéĺňĺ őæěŋłăňĺ:

S < const ( n log n r ) , (10)

T < const ( log n r ( log n + log log n r + log log log n r )) . (11)

Ĺâăł, ćàěňï ăďăŕâĺćŋőčő łőďĺàőćăŋĺï ŕàĺ ĺáŕőńìğőćăŋĺĺ ňŋĺňőčő áłőńìğïéěčő őłŋă ŕő áãéěáâćã âő ęě áăňőě, çâő ĺ ć áńãçăě őąëçŋőčő áłőńìğïéěčő őłŋă, ć âő ćàěňï łăł ŕăňïâì ňěŋìèě ŋă ŕőàïďőł ňăńőáâĺ ĺğ-ğă őâáãâáâćĺï ŋěőąåőďĺňőáâĺ åàăŋĺâì őłŋő (ĺáłńîçăěâáï âěàň (n/r) log n ć (6)).

Ďăďĺň ŋěłőâőàëě ğăňěçăŋĺï, ąěğ áâàőčőčő ĺå àăááňőâàěŋĺï, ő ŕãâïå ŕőńãçěŋĺï áńãçăľŋëå ąĺâ z_1z_2 . . . z_k . . . . Ďńï àěăńĺğăæĺĺ ňŋĺňőčő áłőńìğïéěčő őłŋă íâĺ ąĺâë ďőńęŋë ąëâì ĺğćěáâŋë łăł łőďěàã, âăł ĺ ďěłőďěàã. Őąëçŋëľ áŕőáőą àěèěŋĺï íâőľ ŕàőąńěňë ğăłńîçăěâáï ć ĺáŕőńìğőćăŋĺĺ áĺŋåàőŋĺğĺàőćăŋŋëå čěŋěàăâőàőć ŕáěćďőáńãçăľŋëå çĺáěń. Ňë ŕàěďńăčăěň ďőŕőńŋĺâěńìŋãî ćőğňőęŋőáâì, ă ĺňěŋŋő, ĺáŕőńìğőćăŋĺě áĺňćőńőć łőďőćőľ ŕőáńěďőćăâěńìŋőáâĺ (ćőğňőęŋő, á łăłĺňĺ-ŋĺąãďì ŕàőáâëňĺ àăŋďőňĺğĺàãîéĺňĺ ŕěàěáâăŋőćłăňĺ). Őáŋőćăŋĺěň ďńï âăłőčő ŕàěďńőęěŋĺï áńãęĺâ âőâ äăłâ, çâő áęăâëě ďăŋŋëě ŕőçâĺ áńãçăľŋë ĺńĺ, ąőńěě âőçŋő, łőďőćăï ŕőáńěďőćăâěńìŋőáâì ŕàĺąńĺęăěâáï ł ŕőáńěďőćăâěńìŋőáâĺ àăćŋőňěàŋő àăáŕàěďěńěŋŋëå łőďőćëå áĺňćőńőć ŕàĺ ãňěŋìèěŋĺĺ ĺğąëâőçŋőáâĺ łőďă. Łőďěà ĺ ďěłőďěà ňőčãâ ĺáŕőńìğőćăâì çăáâì ãęě ğăłőďĺàőćăŋŋőčő áőőąéěŋĺï ďńï ŕőńãçěŋĺï áńãçăľŋëå çĺáěń. Ćăęŋő, çâő łőďőćăï ŕőáńěďőćăâěńìŋőáâì ĺğćěáâŋă łăł łőďěàã, âăł ĺ ďěłőďěàã, ĺ ĺň ŋěőąåőďĺňő åàăŋĺâì âőńìłő ŋěąőńìèãî âěłãéãî ěě çăáâì. Šăłőľ áŕőáőą ŕőńãçěŋĺï áńãçăľŋëå çĺáěń ňőęěâ őłăğăâìáï ąőńěě ŕàőáâëň, çěň ĺáŕőńìğőćăŋĺě áŕěæĺăńìŋëå čěŋěàăâőàőć.

§ 4. Łőďĺàőćăŋĺě ňăàłőćáłĺå ĺáâőçŋĺłőć

Ćáě àěğãńìâăâë, ŕőńãçěŋŋëě ďńï ĺáâőçŋĺłőć ąěğ ŕăňïâĺ, ŕěàěŋőáïâáï ĺ ŋă ąőńěě őąéĺľ áńãçăľ. Řăááňőâàĺň ňăàłőćáłĺľ ĺáâőçŋĺł ŕőàïďłă μ, â. ě. ĺáâőçŋĺł, ć łőâőàőň łăęďëľ áĺňćőń ğăćĺáĺâ őâ μ ŕàěďëďãéĺå áĺňćőńőć, μ ≥ 1. Ŕãáâì ăńäăćĺâ ĺáâőçŋĺłă ąãďěâ áŋőćă A = {a_1, a_2, . . . , a_n}. Ďńï łőďĺàőćăŋĺï âăłőčő ĺáâőçŋĺłă ňőęěâ ąëâì ĺáŕőńìğőćăŋ åőàőèő ĺğćěáâŋëľ ć âěőàĺĺ ĺŋäőàňăæĺĺ ŕàĺěň, áćïğăŋŋëľ á àăğńőęěŋĺěň ňăàłőćáłőčő ĺáâőçŋĺłă ć |A|^μ ĺáâőçŋĺłőć ąěğ ŕăňïâĺ. Ąãďěň åàăŋĺâì |A|^μ = n^μ ňŋĺňëå áłőńìğïéĺå őłőŋ, łăęďőě ĺğ łőâőàëå áőőâćěâáâćãěâ őďŋőňã áńőćã ć A^μ. Łàőňě íâőčő, ąãďěň åàăŋĺâì ŋěąőńìèőě ďěľáâćĺâěńìŋőě őłŋő, áőďěàęăéěě ŕőáńěďŋĺě μ ğăłőďĺàőćăŋŋëå áĺňćőńőć. Ŕãáâì ĺáâőçŋĺł ŕőàőęďăěâ áőőąéěŋĺě x_1x_2 . . . x_l . . . Šőčďă ŕěàěď łőďĺàőćăŋĺěň x_l ć őłŋě ğăŕőňŋěŋő áńőćő x_{l−μ} . . . x_{l−1}. İâő áńőćő ŕàĺŋăďńěęĺâ A^μ, ĺ áãéěáâćãěâ ňŋĺňőě áłőńìğïéěě őłŋő, áőőâćěâáâćãîéěě íâőňã áńőćã. Őçěàěďŋőľ áĺňćőń x_l ňőęěâ ąëâì ğăłőďĺàőćăŋ ŋă őáŋőćăŋĺĺ ĺŋäőàňăæĺĺ, áőďěàęăéěľáï ć íâőň ňŋĺňőň őłŋě, ŕőáńě çěčő áăňő őłŋő ŕàěőąàăğãěâáï ŕő âěň ęě ŕàăćĺńăň, çâő ĺ ďńï ĺáâőçŋĺłă ąěğ ŕăňïâĺ (â. ě. áńãçăľŋő ćëąàăŋŋëľ áçěâçĺł ãňěŋìèăěâáï ŋă ěďĺŋĺæã, ă áçěâçĺł, áőőâćěâáâćãîéĺľ x_l, ãćěńĺçĺćăěâáï ŋă ěďĺŋĺæã).

Ŕàĺćěďěň ŕàőáâőľ ŕàĺňěà. Ŕãáâì A = {a, b}, μ = 2 ĺ áőőąéěŋĺě, łőâőàőě ŋěőąåőďĺňő ğăłőďĺàőćăâì, x_1x_2x_3x_4 . . . = aaba . . .. Ć ŕăňïâĺ łőďěàă åàăŋĺâáï çěâëàě ňŋĺňëå áłőńìğïéĺå őłŋă, áőőâćěâáâćãîéĺå łőňąĺŋăæĺïň ąãłć aa, ab, ba ĺ bb, ŕàĺçěň łăęďőě őłŋő áőďěàęĺâ ŕő ďćă áçěâçĺłă c(a) ĺ c(b). Śĺňćőń x_3 łőďĺàãěâáï ŋă őáŋőćăŋĺĺ ĺŋäőàňăæĺĺ, áőďěàęăéěľáï ć őłŋě, áőőâćěâáâćãîéěň łőňąĺŋăæĺĺ ąãłć aa, âăł łăł ĺňěŋŋő íâă łőňąĺŋăæĺï ŕàěďèěáâćőćăńă áĺňćőńã x_3 ć áőőąéěŋĺĺ ĺáâőçŋĺłă, ŕőáńě çěčő áçěâçĺłĺ c(a) ĺ c(b) íâőčő őłŋă ĺğňěŋïîâáï ć áőőâćěâáâćĺĺ á ăńčőàĺâňőň ňŋĺňőčő áłőńìğïéěčő őłŋă; áĺňćőń x_4 łőďĺàãěâáï ŋă őáŋőćăŋĺĺ ĺŋäőàňăæĺĺ, áőďěàęăéěľáï ć őłŋě, áőőâćěâáâćãîéěň łőňąĺŋăæĺĺ ąãłć ab, ĺ â. ď. Łőàőçě čőćőàï, łăęďăï ąãłćă ĺáâőçŋĺłă łőďĺàãěâáï (ĺ ďěłőďĺàãěâáï) ŋă őáŋőćăŋĺĺ őłŋă, łőâőàőě ŕàěďáâăćńïěâ áâăâĺáâĺłã ďńï áőőâćěâáâćãîéěčő ĺáâőçŋĺłă ąěğ ŕăňïâĺ.

Šăł łăł őæěŋłă ĺğąëâőçŋőáâĺ (9) ïćńïěâáï ćěàåŋěľ čàăŋìî ďńï ćáěčő ňŋőęěáâćă ĺáâőçŋĺłőć ąěğ ŕăňïâĺ, łőďĺàőćăŋĺě ňăàłőćáłĺå ĺáâőçŋĺłőć ŕőáàěďáâćőň őŕĺáăŋŋőľ ćëèě áåěňë čăàăŋâĺàãěâ ćěàŋőáâì íâőľ őæěŋłĺ ďńï ŕőáĺňćőńìŋőľ ĺğąëâőçŋőáâĺ. Ćàěňěŋŋăï áńőęŋőáâì őáâăěâáï âăłőľ ęě, łăł (11). Śńőęŋőáâì ŕő ŕăňïâĺ, őďŋăłő, ãćěńĺçĺćăěâáï ć n^μ àăğ ĺğ-ğă ŋěőąåőďĺňőáâĺ åàăŋĺâì n^μ ňŋĺňëå őłőŋ, âăł çâő ďńï őąêěňă ŕăňïâĺ áâăŋőćĺâáï áŕàăćěďńĺćőľ őæěŋłă

S < const ( n^μn log n r ) .

§ 5. Ĺğąëâőçŋőáâì ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï

Ďăďĺň őæěŋłã ĺğąëâőçŋőáâĺ ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï ć äőàňě, łőâőàăï ŕőğćőńĺńă ąë áãďĺâì ő ćëçĺáńĺâěńìŋőľ áńőęŋőáâĺ íâőčő ňěâőďă. Ŋăáłőńìłő ŋăň ĺğćěáâŋő, âăłőľ őæěŋłĺ ďő áĺå ŕőà ŋě ąëńő áďěńăŋő. Ňë ŋăçŋěň á âőčő, çâő ŕàĺćěďěň ăńčőàĺâň ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï, áŕőáőąŋëľ àăąőâăâì ć áåěňě áő áłőńìğïéĺň őłŋőň. İâőâ ăńčőàĺâň ąńĺğőł ł ăńčőàĺâňã, őŕĺáăŋŋőňã ć [7].

Ăàĺäňěâĺçěáłőě łőďĺàőćăŋĺě ŕàěďŕőńăčăěâ ŕàĺąńĺęěŋŋőě ćëçĺáńěŋĺě ĺŋâěàćăńă łãňãńïâĺćŋëå ćěàőïâŋőáâěľ ďńï ąńőłă áĺňćőńőć (ĺńĺ áőőąéěŋĺï) ĺ ćëąőà ŋěłőâőàőčő çĺáńă, ŕàĺŋăďńěęăéěčő íâőňã ĺŋâěàćăńã, ć łăçěáâćě łőďőćőčő áńőćă (áň., ŋăŕàĺňěà, [7]). Ďőŕãáâĺň, çâő ć ŋăèěň àăáŕőàïęěŋĺĺ ĺňěîâáï âàĺ àěčĺáâàă l, h ĺ d àăğňěàőň ć t ąĺâ, ć łőâőàëå áőďěàęăâáï, áőőâćěâáâćěŋŋő, ŋĺęŋïï (ĺńĺ ŕàăćăï) ĺ ćěàåŋïï (ĺńĺ ńěćăï) čàăŋĺæë ĺŋâěàćăńă ĺ àăğňěà ĺŋâěàćăńă. Ćő ĺğąěęăŋĺě ŋěłőâőàëå őáńőęŋěŋĺľ, ąãďěň ŕàěďŕőńăčăâì, çâő 1/2^τ ěáâì ňĺŋĺňăńìŋăï ŋěŋãńěćăï ćěàőïâŋőáâì áĺňćőńă, ĺ t ≥ τ + 2. Ŋăň ŕőŋăďőąĺâáï âăłęě áçěâçĺł s àăğňěàőň ć σ ąĺâ, ć łőâőàőň ąãďěâ ğăŕőňĺŋăâìáï łőńĺçěáâćő “áęăâĺľ” ĺŋâěàćăńă ŕàĺ ňăáèâăąĺàőćăŋĺĺ. Őąőğŋăçĺň çěàěğ msb(·) áâăàèĺľ (ŋăĺąőńěě ğŋăçĺňëľ) ąĺâ àěčĺáâàă, ă çěàěğ pmsb(·) — ąĺâ, ŕàěďèěáâćãîéĺľ áâăàèěňã. Ăàĺäňěâĺçěáłőě łőďĺàőćăŋĺě ŕàĺňěŋïěâáï ł ąńőłăň áĺňćőńőć (ĺńĺ ł æěńëň áőőąéěŋĺïň) u_1u_2 . . . u_L, čďě L őąőğŋăçăěâ ďńĺŋã ąńőłă (ĺńĺ áőőąéěŋĺï). Ś ãçěâőň íâĺå ďőŕãéěŋĺľ ĺ őąőğŋăçěŋĺľ ăńčőàĺâň ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï ğăŕĺáëćăěâáï áńěďãîéĺň őąàăğőň.

Ŋăçăńìŋăï ãáâăŋőćłă

Ćëŕőńŋïěâáï ŕěàěď łőďĺàőćăŋĺěň łăęďőčő ąńőłă ĺğ L áĺňćőńőć

l := 0, h := 2^t − 1, s := 0.

Łőďĺàőćăŋĺě őçěàěďŋőčő áĺňćőńă

Ŋă ćåőďě ĺňěěň áĺňćőń u = a_i ŕàĺ ğăďăŋŋőň ĺŋâěàćăńě łãňãńïâĺćŋëå ćěàőïâŋőáâěľ [Q_i, Q_{i+1})

d := h − l + 1, h := l + ⌊dQ_{i+1}/2^τ ⌋ − 1, l := l + ⌊dQ_i/2^τ ⌋; WHILE msb(l) = msb(h) DO

ŕěàěďăâì ŋă ćëåőď łőďěàă msb(l), s àăğ ŕěàěďăâì ąĺâ 1 − msb(l), s := 0, l := 2l, h := 2h + 1 (mod 2^t);

WHILE pmsb(l) = 1 AND pmsb(h) = 0 DO

s := s + 1, l := 2l, h := 2h + 1 (mod 2^t);

msb(l) := 0 msb(h) := 1.

Ğăćěàèěŋĺě ąńőłă (ĺńĺ áőőąéěŋĺï)

Ćëŕőńŋïěâáï ŕőáńě łőďĺàőćăŋĺï ŕőáńěďŋěčő áĺňćőńă ąńőłă (ĺńĺ áőőąéěŋĺï)

s := s + 1;

IF pmsb(l) = 0 THEN b := 0 ELSE b := 1; ŕěàěďăâì ąĺâ b, s àăğ ŕěàěďăâì ąĺâ 1 − b.

Ďńï ŕőńŋőâë őŕĺáăŋĺï ňěâőďă ŕàĺćěďěň âăłęě ăńčőàĺâň ďěłőďĺàőćăŋĺï ăàĺäňěâĺçěáłőčő łőďă. Ăńčőàĺâň ďěłőďĺàćăŋĺï áâàőĺâáï ć æěńőň áĺňňěâàĺçŋő ŕő őâŋőèěŋĺî ł ăńčőàĺâňã łőďĺàőćăŋĺï. Čńăćŋăï ěčő őáőąěŋŋőáâì áőáâőĺâ ćő ććěďěŋĺĺ ďőŕőńŋĺâěńìŋőčő àěčĺáâàă v, áőďěàęăéěčő âěłãéĺě t ąĺâ łőďőćőľ ŕőáńěďőćăâěńìŋőáâĺ. Ŕàĺ ďěłőďĺàőćăŋĺĺ ŋěâ ŋěőąåőďĺňőáâĺ ć ĺáŕőńìğőćăŋĺĺ áçěâçĺłă s.

Ŋăçăńìŋăï ãáâăŋőćłă

Ćëŕőńŋïěâáï âőńìłő őďĺŋ àăğ ŕěàěď ďěłőďĺàőćăŋĺěň ŕěàćőčő ąńőłă

v := ŕěàćëě t ąĺâ łőďőćőľ ŕőáńěďőćăâěńìŋőáâĺ; l := 0, h := 2^t − 1.

Ďěłőďĺàőćăŋĺě őçěàěďŋőčő áĺňćőńă

d := h − l + 1, z := (2^τ (v − l + 1) − 1) /d, ŋăľâĺ áĺňćőń a_i, ďńï łőâőàőčő Q_i ≤ z < Q_{i+1}; h := l + ⌊dQ_{i+1}/2^τ ⌋ − 1, l := l + ⌊dQ_i/2^τ ⌋; WHILE msb(l) = msb(h) DO

v := 2v+ őçěàěďŋőľ ąĺâ łőďőćőľ ŕőáńěďőćăâěńìŋőáâĺ, l := 2l, h := 2h + 1 (mod 2^t);

b := msb(v);

WHILE pmsb(l) = 1 AND pmsb(h) = 0 DO

v := 2v+ őçěàěďŋőľ ąĺâ łőďőćőľ ŕőáńěďőćăâěńìŋőáâĺ, l := 2l, h := 2h + 1 (mod 2^t);

msb(v) := b, msb(l) := 0, msb(h) := 1.

Ć àěğãńìâăâě u = a_i — ğăłőďĺàőćăŋŋëľ áĺňćőń.

Śńěďãîéĺě ńěňňë őŕàěďěńïîâ ŋěłőâőàëě ćăęŋëě çěàâë ăńčőàĺâňă, ă âěőàěňă ďăěâ őæěŋłã ĺğąëâőçŋőáâĺ.

Ń ě ň ň ă 1. Ďńĺŋă L łőďĺàãěňőčő ąńőłă ãďőćńěâćőàïěâ ŋěàăćěŋáâćã L ≤ 2^σ − 2 τ − 1 . Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕàĺ łőďĺàőćăŋĺĺ ńîąőčő áĺňćőńă, ŕőïćńïîéěčőáï á ćěàőïâŋőáâìî ŋě ňěŋěě 1/2^τ , ğŋăçěŋĺě s ňőęěâ ãćěńĺçĺâìáï ňăłáĺňãň ŋă τ − 1. Ŕàĺ łőďĺàőćăŋĺĺ L áĺňćőńőć áçěâçĺł s ŋě ňőęěâ ŕěàěŕőńŋĺâìáï, ěáńĺ

L(τ − 1) + 1 ≤ 2^σ − 1,

őâłãďă áńěďãěâ ãâćěàęďěŋĺě ńěňňë. ▲

Ń ě ň ň ă 2. Ŕőáńě łőďĺàőćăŋĺï ńîąőčő áĺňćőńă àăğňěà d ĺŋâěàćăńă ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

d ≥ 2^{t−2} + 2.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ŕő őŕàěďěńěŋĺî d = h − l + 1. Řăááňăâàĺćăï łőňąĺŋăæĺĺ ďćãå áâăàèĺå ąĺâ ć l ĺ h ŕőáńě łőďĺàőćăŋĺï áĺňćőńă, ŕőńãçăěň âàĺ ćőğňőęŋëå âĺŕă ĺŋâěàćăńőć: [00∗, 11∗], [00∗, 10∗] ĺ [01∗, 11∗], čďě ∗ őąőğŋăçăěâ t − 2 ŕàőĺğćőńìŋëě ďćőĺçŋëě æĺäàë. Ňőęŋő ćĺďěâì, çâő ć ŕěàćőň áńãçăě ďńĺŋă ĺŋâěàćăńă ąőńìèě, çěň ćő ćâőàőň ĺ ć âàěâìěň, łőâőàëě íłćĺćăńěŋâŋë. Ďńï ćâőàőčő áńãçăï l ≤ 2^{t−2} − 1, h ≥ 2 · 2^{t−2}. Őâáîďă

d ≥ 2 · 2^{t−2} + 1 − (2^{t−2} − 1) = 2^{t−2} + 2. ▲

Š ě ő à ě ň ă 4. Ĺğąëâőçŋőáâì ŋă áĺňćőń r_c ăàĺäňěâĺçěáłőčő łőďĺàőćăŋĺï ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

r_c < n(τ + log e)2^{−(t−2)} + 2/L, (12) čďě n — àăğňěà ăńäăćĺâă, τ — łőńĺçěáâćő ąĺâ ć ŕàěďáâăćńěŋĺĺ ćěàőïâŋőáâěľ, t — àăğňěà àěčĺáâàőć l ĺ h (čàăŋĺæ ĺŋâěàćăńă), t ≥ τ + 2, L — ďńĺŋă łőďĺàãěňőčő ąńőłă ĺńĺ áőőąéěŋĺï.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Ĺğąëâőçŋőáâì łőďĺàőćăŋĺï r_c áőáâőĺâ ĺğ ďćãå çăáâěľ, őąőğŋăçăěňëå çěàěğ r_t ĺ r_L ĺ áőőâćěâáâćãîéĺå ďćãň áńăčăěňëň ć (12): r_t ćőğŋĺłăěâ ćáńěďáâćĺě őâáěçěŋĺľ ďàőąŋőľ çăáâĺ ŕàĺ ćëçĺáńěŋĺĺ čàăŋĺæ ĺŋâěàćăńă, ă r_L őąãáńőćńěŋă őčàăŋĺçěŋĺěň ďńĺŋë ąńőłă.

Ŕãáâì łőďĺàãěňëľ áĺňćőń u ŕőïćńïěâáï á ćěàőïâŋőáâìî p(u), p(u) ≥ 1/2^τ . Ćáńěďáâćĺě őâáěçěŋĺï ďàőąŋőľ çăáâĺ ćěàőïâŋőáâì p(u) äăłâĺçěáłĺ ğăňěŋïěâáï ŋă ŕàĺąńĺęěŋĺě p̂(u), ĺ

r_t = ∑ u∈A p(u) log 1 p̂(u) − ∑ u∈A p(u) log 1 p(u) = = ∑ u∈A (p(u) log p(u) − p(u) log p̂(u)) .

Ďńï p̂(u) ĺňěěň p(u) = p̂(u) ± q(u), q(u) < 1/d. Ŕàěďŕőńőęĺň (ŕěááĺňĺáâĺçěáłĺ), çâő q(u) ąěàěâáï á ŕńîáőň ďńï łăęďőľ ąãłćë. Ć áőőâćěâáâćĺĺ á ńěňňőľ 2 d ≥ 2^{t−2} + 2, d > 2^{t−2}. Ŕàĺŋĺňăï ćő ćŋĺňăŋĺě íâĺ őæěŋłĺ, ŋăľďěň ćěàåŋîî čàăŋĺæã ďńï p(u) log p(u) − p(u) log p̂(u) (őŕãáâĺň (u) ďńï łàăâłőáâĺ).

p log p − p log p̂ = p log p − p̂ log p̂ − q log p̂ < < p log p − (p − q) log(p − q) − 1 d log ⌊2^{−τ} d⌋ d < < 1 · log 1 − (1 − q) log(1 − q) − 1 d log ⌊2^{−τ} d⌋ d < < d − 1 d log d d − 1 + 1 d log d ⌊2^{−τ} d⌋ ≤ ≤ log e d − 1 d ( d d − 1 − 1 ) + 1 d log d ⌊2^{−τ} d⌋ = = 1 d ( log d ⌊2^{−τ} d⌋ + log e ) < < 1 2^{t−2} ( log 2^{t−2} 2^{t−2}2^{−τ}

+ log e ) = = τ + log e 2^{t−2} . (13)

Śãňňĺàãï (13) ŕő u ∈ A, ŕőńãçăěň

r_t < n(τ + log e)2^{−(t−2)}.

Ğăćěàèěŋĺě ąńőłă ďőąăćńïěâ ł łőďőćőľ ŕőáńěďőćăâěńìŋőáâĺ áăňőě ąőńìèěě ďćă ďőŕőńŋĺâěńìŋëå ąĺâă (áň. ăńčőàĺâň). Őâáîďă r_L < 2/L. Őąêěďĺŋïï r_t ĺ r_L, ŕőńãçăěň ãâćěàęďěŋĺě âěőàěňë. ▲ Ć ĺŋâěàěáăå őáŋőćŋőľ çăáâĺ áâăâìĺ ňőęŋő ŕőńãçĺâì ąőńěě ãďőąŋëľ àěğãńìâăâ, àăááňőâàěć áńěďãîéěě

Ś ń ě ď á â ć ĺ ě. Ěáńĺ σ = t ĺ L = 2^t/τ, (14) âő r_c < (n + 1)(τ + log e)2^{−(t−2)}.

Ď ő ł ă ğ ă â ě ń ì á â ć ő. Őâňěâĺň ćŋăçăńě, çâő ŕàĺ t ≥ τ + 2 2^t − 2 τ − 1 > 2^t τ , ĺ (14) ãďőćńěâćőàïěâ ńěňňě 1. Ŕőďáâăŋőćłă (14) ć (12) ďăěâ ãâćěàęďěŋĺě áńěďáâćĺï. ▲ ŚŔĹŚŐŁ ŃĹŠĚŘĂŠŞŘŻ 1. Jelinek F. Probabilistic information theory. New York: McGraw-Hill, 1968. P. 476– 489.

2. Rissanen J. J. Generalized Kraft inequality and arithmetic coding // IBM J. Res.

Dev. 1976. V. 20. P. 198–203.

3. Pasco R. Source coding algorithm for fast data compression. Ph. D. thesis, Dept.

Elect. Eng. Stanford Univ. Stanford, CA, 1976.

4. Rubin F. Arithmetic stream coding using fixed precision registers // IEEE Trans.

Inform. Theory. 1979. V. 25. ü6. P. 672–675.

5. Rissanen J. J., Langdon G. G. Arithmetic coding // IBM J. Res. Dev. 1979. V. 23.

ü2. P. 149–162.

6. Guazzo M. A general minimum-redundancy source-coding algorithm // IEEE Trans.

Inform. Theory. 1980. V. 26. ü1. P. 15–25.

7. Witten I. H., Neal R., Cleary J. G. Arithmetic coding for data compression // Comm.

ACM. 1987. V. 30. ü6. P. 520–540.

8. Cleary J. G., Witten I. H. Data compression using adaptive coding and partial string matching // IEEE Trans. Commun. 1984. V. 32. ü4. P. 396–402.

9. Moffat A. A note on the PPM data compression algorithm. Res. Rep. 88/7, Dep.

Comput. Sci. Univ. of Melbourne. Australia, 1988.

10. Willems F. M. J., Shtarkov Y. M., Tjalkens T. J. The context-tree weighting method:

Basic properties // IEEE Trans. Inform. Theory. 1995. V. 41. ü3. P. 653–664.

11. Moffat A., Turpin A. Efficient construction of minimum-redundancy codes for large alphabets // IEEE Trans. Inform. Theory. 1998. V. 44. ü4. P. 1650–1657.

12. Řïąłő Ą. §. Ąëáâàëľ ăńčőàĺâň ăďăŕâĺćŋőčő łőďĺàőćăŋĺï // Ŕàőąń. ŕěàěďăçĺ ĺŋäőàň. 1990. Š. 26. ü4. Ś. 24–37.

13. Řïąłő Ą. §. Śęăâĺě ďăŋŋëå á ŕőňőéìî “ňŋĺňőčő áłőńìğïéěčő őłŋă” // Ŕàőąń.

ŕěàěďăçĺ ĺŋäőàň. 1996. Š. 32. ü2. Ś. 22–30.

14. Ăåő Ă., Şńìňăŋ Ďę., Ţőŕłàőäâ Ďę. Ŕőáâàőěŋĺě ĺ ăŋăńĺğ ćëçĺáńĺâěńìŋëå ăńčőàĺâňőć. Ň.: Ňĺà, 1979.