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Correspondence

The Estimated Cost of a Search Tree on Binary Words

Alexey Fedotov and Boris Ryabko /\

Abstract—The problem of constructing a binary search tree for a
set of binary words has wide applications in computer science, biology,
mineralogy, etc. Shannon considered a similar statement in his optimal
coding theorem. It is NP-complete to construct a tree of minimum cost [4];
therefore, the problem arises of finding simple algorithms for constructing
nearly optimal trees. We show in this correspondence that there is a simple 1
algorithm for constructing search trees sufficiently close to the optimal
tree on average. By means of this algorithm we prove that for the optimal
tree the average number of bits to be checked is near to its natural lower
bound, i.e., the binary logarithm of the number of given words: their 000 010 110 111
difference is less thanl .04.

Index Terms—Binary tree, search tree, Shannon theorem. /\

‘0 o1
|. INTRODUCTION /
The algorithm of search in a given set of binary words can be repre- 000

sented as a binary tree. The leaves of this tree correspond to the given 0-- 1--

words, and the internal nodes of the tree correspond to the indexes of /
positions to be checked. To identify a word we have to move along the 010

edges of the tree from the root to one of the leaves. The direction of

movement in nodes is selected depending on the corresponding bit in ;-0 L
the given word. / \
Fig. 1 demonstrates two search trees in the set of words 110 111

{000,010,110,111}. We will explain how we could perform a

search using the upper tree. Initially, the first position of the examined

word is checked. If it is equal t0, then we go to the left branch Fig. 1. Example of search trees with different costs.

of the tree and check the second position. Otherwise, we check the

third position of a word. Thus, two checks are always sufficient to

determine a given word. theory that the cost of each tree cannot be less gy, wherem

The binary search trees are commonly used in computer scieriédhe number of given words. Thus, the upper tree is optimal.

information theory, biology, mineralogy, etc. Therefore, the problem The problem of finding an optimal search tree for a given set of words

of constructing such trees has attracted the attention of many auttigrsnown to be NP-hard [4]. Informally, it means that this problem is

[1]-[3]. Naturally, there is a problem of obtaining a search tree forlzard to compute when the quantity of words is large enough. There-

given set of binary words of the same length. The constructed treddge, the problem of discovering a fast algorithm that constructs nearly

assessed by the cost of search, which is defined as the average nu@piénal search trees emerges.

of bits required for identifying a word. It is natural to look for a tree  We show in this correspondence that even a quite simple random-

with the minimum average number of bits to be checked, the so-cali@éd algorithm which constructs a search tree, gives as a rule a nearly

optimal tree. This problem is close to the problem of constructing tiggtimal result. More precisely, on average (on the whole set of initial

code with the minimum average codeword length. The latter is welata), the cost of search using a tree constructed by the above algorithm

known in information theory. For example, the average number of bil@es not exceeldg, m + 1.04. Hence, the cost of search by means of

to be checked for identifying aword in the upper tree in Fig. 1 is equal & optimal tree does not exceed this bound either. Thus, the Shannon

2 and inthe lower tree it is equal to 2.25. Itis well known in informatiotheorem which estimates the cost of coding is fulfilled on average when
a code tree is constructed from a random set of words. The constant
1.04 is an additional cost (instead dfin the Shannon estimate). This
good upper bound is obtained from the observation that a typical check
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LetC(L) = L > | L;, whereL; is the number of bits required [ll. PROOFS

for identification of theith word. We callC'(L) the cost of a search tree We start by establishing the recurrence that holds for the average
L, i.e., the average amount of bits required for identifying a word bé/

the treel. ostt,, . (R) of the algorithmR. Then, we find a number of exact
€ reeL. values oft,, ...(-) that are further employed. In what follows we show

\Iive t?lenno:e I?%ﬁ"" ttheﬁsiti:frmilt\;alr:ata;,l Or:’ Itrr;z oltthier \;vorrdtsﬁ tthetwo technical lemmas and use them to prove Theorem 1. At the end we
cofiection ot all the Sets ah binary words otlengtin. 115 clear tha present a bulky proof of the first technical lemma.

the requirement can be met only wher> log, m. ) .
We assume now that an algorithmbuilds ;1 treeF’(S) from a set We first obtain the recurrence o ..(R).
S € S.,m. We will further consider randomized algorithms, and so Lemma 1: For the average cost of the algorithiinwe have
it will be convenient to denote the expectation of the cost of the tree "
C(F(S)) (with respect to the measure induced by the algorithm) bytn,m(R):1+Z Cor oo <£tn—l,k(R)+utn—l,m—k([{)>
the average cost (F(S)) of algorithmF on the inputS. Let us define — m m
now the average cost ..(F') of the algorithmF as the arithmetical (2)
mean of average costs of the algorittihtalculated on all inputs from
the collectionsS,, ... wherec,, .k is the probability that exactly words from the givemn
1 words begin withl. This probability is given in (3) at the bottom of this
tom(F)= —e— Z C(F(S)), page. (Here and throughout we assume that= 0.)
Card Sn,m SE€8mm Proof: We begin with the proof of (3). Denote h§) . the

. ) subcollection ofS,, .. which consists of the sets containing exadtly
whereCard S, ,» means the cardinality of the s&f, ... words beginning witH.. By definition

We now consider the (possibly) simplest randomized algorithm con-
structing a search tree, which will be denoteditylt can be described cnm i = CardSF m/Card S
as follows. ’ " 7

Description of the Algorithm R: This algorithm makes a binary Obviously,Card S, ., = (jm ).Allso, ifm—2""" <k <277 then
search tree from an arbitrary set:afbinary words of length.. If the  the setS,’;m contains( 2”,: )(’f::k ) elements, or otherwise this set is
given set contains only one word then the algorithm returns the simplesipty. Thereby we obtain (3).
tree consisting of one leaf and stops. Consider the algorithn® applied to the inpufS. We suppose that

Otherwise, the randomly chosen position is put into corresponderibis set containg words with1 andm — & words with0 in the first
with the root of the tree. This check divides the entire set of words in@hosen position. In this situation, the cost of the algorithm is equal to
two parts. For each of these parts the search tree is constructed by the L m—k ‘
same method. 1+ EC(R(ES)) + TC(R(TOS))

The main result of this correspondence is the following theorem. \yhereT;, S and 7} S are subsets of the sét consisting of words of
Theorem 1: For the average cost of the algorithinthe following > With 0 and1 in the selected position, respectively. Moreover, the
inequality holds: selected bit is excluded from these words. By averaging this equality

overS,,,» we obtain the following:
29  log,(2m)

tn.m(R) <log,m+ — (2) m _
2 28 m . (B)=1+Z Card S ., k C(R(T1S))
] . o . e CardS, . \ m Card 8¢ ,,
From this result the following corollary is immediate. k=0 ' sesk . '
Corollary 1: Let Fi¢ be the algorithm building an optimal tree for m — k C(R(TS))
. + -
each data set. Then o m Seqszk Card S
tn,rn(Fopt> S 10g2 m + @ - M~ o
28 m It remains to note that
The following corollary gives an estimate for the cost of the search C(R(TLS)) _ (R
tree constructed b} for almost all data sets. Moreover, we obtain the scon Card 8k ,, T )
same estimate for the cost of the optimal search tree. o
The proof is complete. O

Corollary 2: Assume that all set§ from the collection of initial
dataS, ,, (m > 2,n > log, m) have the same probability. Then, for |n the following proofs, we use a number of exact values of the av-
everye > 0 the following inequality holds: erage cost,, ,..(+), which are shown in Table I. Here, we explain the
29/28 main idea of the calculation. For paits m in Table | the situation is

considerably simpler than in Fig. 1.
For these cases all search trees are isomorphic. Hence their average
Proof: This corollary is an obvious consequence of the Markoeost is equal and independent of the constructing algorithm.
inequality [3]. O Now we estimate,, 4(R) using Lemma 1.

P{S:C(R(9)) < (1+¢)log,m} >1—

elog, m’

(2”,;1) (2_’:)/ (2) whenm — 271 < < 271
Cn,m,k = 0 " " (3)

otherwise.
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Theorem 2: For the average cost of the trees constructed by the al- TABLE |
gorithm R, for search in the set of four elemertts > 2) SOME VALUES OF £, .. (+)
16 tn,rn(') n
tha(R) < - (4) m 1 2 n
. . 0 0 0 0
Proof: We prove that,, 4+ < 16/7 for n > 2 by induction on.. 1 0 0 0
The base of induction is obvious; 4 = 2 < 16/7. To prove the step 2 1 1 1
we have to show that the inequality (4) remains valid whémcreases. 3 — 5/3 5/3
Evidently, (2) can be rewritten as 4 — 9
“ 2k : oo :
b (B) =143 e tni(R). ©) -20 1 .. n-2/m
=0 2"-1|0 5/3 ... n-1/m
Now we can represent, 4(R) using (5). Replacé, _1,0(R), 2" 1 2 .. n

tn—11(R), tn—12(R), and t,—_1 3(R) with the values taken from
Table | andt, 1,4(R) with the upper bound given by the induction ) ) _ ) _
hypothesis. Then the induction step can be proved by the followingThe preceding reasoning establishes the base of induction for

inequality: n=1,2.
We now prove the step. The induction hypothesis implies that for all
= . . . .
1+ gcn,m + §cn4‘3§ + QCMA? < 176 k satisfyingl < k < log,(n — 1) inequality (1) holds fot, —1 «(R).
(3]

2 2 We show that inequality (1) holds for all satisfyings < m < log, n.
which is a simple consequence of the inequalif7 - 2" ! + 42 < 0. We first establish the following inequality for &l from 0 to m:

The latter is valid whem > 3. The proof is complete. | k m—k
ftnfl,lc(R) + - 7("nfl,mflc(F{) S ‘41 - Bk(WT/ - k) (7)
Now we give two technical lemmas to be used in the proof of The- m
orem 1. The first result establishes a polynomial upper bound for soffaere 1 1
clumsy function. A = 3% + log,(2m) <1 - —)
m
Lemma 2: Letm > 5. Consider the function 4
B = ?(m + log, m — 1).
, k 1 m
f(k) = —log,(2k) <1 - E) To prove it we note that, —1,0(R) = 0, t,—1,.(R) < A;. Therefore,
m—k

1 for k = 0 andk = m, (7) can be easily checked. Feranging from
logy(2(m — k)) <1 - ) 1tom — 1 (7) can be verified by substituting the upper bound (1) for
tn—1,%(R) and applying Lemma 2 to the result.
defined on the segmefit, s — 1]. Then for everyk in [1, m — 1] the We conclude that (2) in Lemma 1 gives the following upper bound

inequality f (k) < A — Bk(m — k) holds, where for t,, . (R):

m m—k

1 m
A= 10g2(2m) <1 — ;) tn,nz(R) S 1 + ;Cn,m,k(f41 - Bk(7n - k))

4
B= Fm +logym —1). Using Lemma 3, we can reduce the right-hand side of this equation to

. he following form:
The proof is relegated to the end of the correspondence. the following form

Now we prove a combinatorial result that will be used to simplify , 2" m(m — 1)
weighted sums. trm (B) < 14 A1 — BQn —1 4 ‘

Lemma 3: The following identity holds: To complete the proof it remains to show that the following inequality
" ( ) holds:
2" m(m—1
Z Cnom kk(m — k) = B E— (6) 2" m(m —1) 1 logy(2m)
ST oom 1 4 A, - B ) <log. m 4 — _ o8alem)
k=0 ! an 1 4 < logym + 28 m
wherec, i, are defined in (3). N ., This is easily derived by multiplying the obvious inequalities<
Proof: To prove this statement we equate coefficients:'6f - 2" /(2" — 1) andm? < (m — 1)(m — 1 + log, m) for m > 5.
in the polynomial identity The proof is complete. O
(-1 e -1) = (e -1 To conclude, we prove Lemma 2. The proof is similar to that of the

well-known [2] upper bound for the entrogy (p) < 4p(1 — p).

Equation (6) clearly follows from the above equation. The proof is Proof of Lemma 2: Denote byg() the differenced — Bk (m —

complete. k) — f(k). To clarify the proof we depict in Fig. 2 the graph %)
We can now prove Theorem 1. for m = 100. Now we show that whem > 5 the functiong(k) is
i  — 1]. i
Proof: We prove this theorem by induction en Inequality (1) (r;(;r;rgit);]atlve on the segmejt m J- We prove the following facts

is readily checked fore = 1,2, 3 using the values of,, ..(-) from
Table I. In the same way we check the inequality#foe= 4, using the 1) The functiong(k) is an even function about the midpoint of the
upper bound fot., 4+(R) given by Theorem 2. segmentl, m — 1]:i.e.g(k) = g(m — k). The proof is evident.
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2)

3)

4)

0.14

0.054

100
Fig. 2. The graph of(k) for m = 100.

At the midpoint of the segmenjt, m — 1] the functiong(%)
vanishes. The proof is a direct calculationgfn /2).

At the endpoints of the segmdit m — 1] the functiong(%) is
positive.

Notice thaflog,, ¢ > 7/5. Then the inequalityn.(log, ¢ — 1) >

2 holds form > 5. By simple transformations we obtain the
following inequalities:

—2m+2+ m(logye — 1) > —2m + 4,
2(m —2) > 3m — 2 —mlog, e.

The inequalitylog, m > 2 implies
(m — 2)log, m > 3m — 2 — mlog, e.
The latter is tantamount to
m(m — 2)log, e + (m — 2)%log, m 4+ m” > 4(m — 1)°
Clearly, the inequality- log, (1 — 1/m) > log, e/m holds for

m > 1. Therefore, we can convert the previous expression into
the following form:

—m*(m — 2)log, <1 — i)

m

+(m — 2)2 log, m + m? > 4(m — 1)2

log,(2m)
1 1
+—log,m+ — > (m—1)B.
m m

This provesthag(m—1) = g(1) = A—-B(m—-1)—f(1) > 0
for m > 5. The proof is complete.

The second derivative gf k) decreases strictly te oo from the
midpoint of the interval0, m) to its endpoints.

To prove it we calculate” (k)
Denote (k/m — 1/2)* by d. In this case, the expression in

log,e (1 1 1
og, e <7 n
m k
brackets can be transformed to the following form:

(m — k)2

1
g'(k)=2B - =

m—k

1 d+1/2
m(1/4—d)  m2(1/4—d)?’
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This expression increases strictly whegoes fronf) to 1 /4, i.e.
k goes from the midpoint of the interval to its endpoints, clearly
implying the statement. The proof is complete.

The second derivativg’ (m /2) is positive at the midpoint of the
segmenfl, m — 1].
We can easily calculate it as

1,8
m  m2

4 ; ;
= ﬁ@(m — 1+ log, m) — log, e(1+ m))>0

g"'(m/2) =28 — logy e

m

since form > 4 the following chain of inequalities holds:
2(m —14logym) > 2(m —1+2) >log,e(lL+m).

Now we have to show that a minimum @f%) on the segment
[1,m — 1] is reached at one of the three poikts /2, m —

1}. Since the functiog (k) is nonnegative at these points, it is
positive over the whole segmeit m — 1], as was to be shown.

The decrease of the second derivative;0f) from the pos-
itive value at the midpoint of the interval, m) to —oc when
k approaches its endpoints implies the existence of sothat
satisfiesg”’ (;m /2 + §) = 0. Moreover, this derivative must be
positive on the open intervéin /2 — §, m /2 + §) and it must be
negative outside the closed interval.

Then we obtain thag(k) is convex upwards on the segment
[m/2 — 6,m/2 + 6]. Sinceg(k) is symmetric about the mid-
point of this segmeng (k) attains a minimum at this midpoint.

If m/2—6 < 1, then the previous reasoning completes the proof.
Otherwise, we note that functigr{k) is convex downwards on
the segmentd, m /2—6] and[m /2+6, m—1]. Hence, itreaches

a minimum at one of their endpoints. Therefore, a minimum of
g(k) onthe segmeril, m — 1] is reached at one of the following
points:{1,m/2,m — 1}. The proof is complete. O
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