JOURNAL OF COMPLEXITY 10, 281-295 (1994)

The Complexity and Effectiveness of Prediction
Algorithms

Boris YA. RyaBko*

Department of Applied Mathematics and Cybernetics, Novosibirsk
Telecommunication Inst., Kirov Str.-86, Novosibirsk - 102, 630102, Russia

Received May 8, 1992

The problem of predicting an arbitrary sequence x,x,x; - * - is considered with
x.+1 being predicted from an analysis of the word xx; - - - x,. There are no pre-
sumptions concerning the probability structure on this process. The relation be-
tween prediction effectiveness and Kolmogorov complexity is established. Then
the Hausdorff dimension of sets of sequences for which effective methods of
prediction exist is estimated. The prediction method which is asymptotically supe-
rior to other arbitrary ones realized by finite automata is constructed. © 1994
Academic Press, Inc.

1. INTRODUCTION

Methods of prediction of the time series based on the *‘classic™ ap-
proach are applicable only when the probability structure of the process is
known precisely enough (e.g., stationarity or a certain trend of the pro-
cess are required). Quite often, we have no information about the proba-
bility structure of the actual process to be predicted. Therefore, we need
an alternate approach to the problem of prediction. We propose the al-
gorithmic approach. Using this approach, we look for a method that is
optimal, not for the class of random processes, but for the class of predic-
tion methods. The class of prediction methods is provided by means of
descriptions of algorithms realizing these methods (e.g., prediction meth-
ods that are found by finite automata, arbitrary Turing machines, and so
on). Previously, the algorithmic approach to the prediction problem was
discussed in [22, 12, 19, 7].
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The main differences of the present work from [22, 12] are that, first,
the prediction methods proposed in [22, 12] based on the universal mea-
sure and the Occam measure are not realizable algorithmically, and, sec-
ond, and present work offers a quantitative criterion for the prediction
method efficiency that coincides with an asymptotic winning value in a
game.

This quantitative criterion was proposed in [9]. Then it was reused in
many papers concerning an optimal investigation [1, 3, 4]. Some interest-
ing and important results concerning the game theory approach and com-
plexity are found in [6, 20, 22].

In this paper the problem of the construction of the optimal prediction
method is investigated in two statements: first, the optimal method is
found within the class of all realizable ones; second, a prediction method
that is superior to an arbitrary one, realized by finite automata, is discov-
ered. In the first case the relation between an optimal prediction and
Kolmogorov complexity is established. Then the set of sequences being
effectively predictable is considered (see Section 3) and its Hausdorff
dimension is estimated. In Section 4 the prediction method ps Which is
effective then any realized by finite automata, is constructed. It is shown
in Section 5 that the method P is also asymptotically optimal for the
“classic” classes of random processes.

We use the game-theoretic interpretation of J. L. Kelly [9]. Let us
consider that gambler I has capital V,at momentz=10,1,2,. . . ,V,=1.
Each moment ¢ that the gambler divides the capital V, into |A| parts equals
V.- P(Qlx; - - - x), Q € A. (The Stakes onthe x,.; =a € A.) P (alx, - - -
x;) reflect the I-gambler’s confidence in the appearance of a € A at the
moment (¢ + 1).

The gambler I learns X, at the moment (¢ + 1) and his capital becomes
equalto |A|* V.- P (x;s1/x;* * - x;) (i.e., the stakes on the “‘right’’ letter are
increasing |A| times).

Denote win by the method J with x;x; - - - x, as Wy(xixy « - - x,):

Witax, -+ - x) = H} (A] - PCelxixy -+ - x;4). (1)

In this case the gambler divides this capital into |A| parts each moment
(stakes on the letters of A), and at the moment (¢ + 1) his capital should be
equal to Wy(xixy - « - x—1). (|A| - P(x/x1%2 * * + x,—1)), i.e., the stake on the
letter that actually appears, increases |A| times.

Our goal is to find the algorithms maximizing (1). From the mathemati-
cal point of view it is convenient to study the logarithm of W;(x;x; - - - x,)
divided by ¢. Let

1
Lixyxy -+ x) = P log Wy(x1x; -« - xp).
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(Here and below log x = log, x). Then

1 t
Ly(xixy -+ - x) = log |A| + ! > log Pr(xlxixy + + + xim1). ()
i=1

We note that, if at the word x;x; - + * x, strategy J recommends staking all
the capital Vo (Vo = 1) on x; (that is unknown), then the capital V; = |A| on
x, and so on. This results in a maximal win equal to |A| after # games.

If the gambler breaks up all his capital into |A| equal parts each time and
stakes those parts on the letters of A, then the win is equal to 0 and the
capital remains the same: Vo=V, =---=V,=1.In general, Ly(x;xp* * -
x,) is the mean value of the exponent of the capital increase over the first ¢
games: V, = |A| - 2EJ(x1x, * * * x;). This value characterizes quantitatively
the efficiency of prediction J.

As an illustration, we consider the following example. In Table I there
are the results of the last 11 World Football Championships in the upper
line. These championships were held once every four years; the last was
in Spain in 1990. The winners were either European teams or teams from
South America. If we denote the win of a European team by 0 and the win
of a non-European team by 1, we should then have a sequence of numbers
in the second line of the table. For instance, in 1950 the Uruguay team
won (1), in 1954 the West German team won (0), etc.

TABLE I
Tue PREDICTION OF THE RESULT OF THE MATCH FOR THE WORLD FoOoTBALL
CHAMPIONSHIP BY THE METHOD p OpTIMAL IN THE CLASS OF FINITE-AUTOMATIC
METHODS

N 1 2 3 4 5 6 7 8 9 10 11

The data of football 1950 1954 1958 1962 1966 1970 1974 1978 1982 1986 1990
championship

The code of the 1 0 1 1 0 1 0 1 0 1 0
winning team (0 =
the European team,
1 = non-European)

The prediction: 0.5 0375 0.5 0.542 0.409 0.389
(the stake on the
winning team is
underlined) the
stake on ‘0"’

[y
S
W
—

|'

0.326 0.573 0.227 0.678

the stake on *‘1"” 0.5 0.625 0.5 0.458 0.591 0.611 0.569 0.674 0.427 0.773 0.322

The gambler’s capital 1 0.75 0.75 0.687 0.563 0.687 0.554 0.801 0.918 1.416 1.920
after the match

Note. The information of the result of the preceding match is used for predicting the next match
(beginning in 1950).
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We suppose that there was a gambler who had the capital V = 1 before
the 1954 Championship. Prior to each championship he makes a predic-
tion; part of his capital is allotted to 0 (the win by a European team), and
other part to 1 (the win by a non-European team). The method used for
this prediction is optimal for the class of methods realizable by finite
automata (this method is described in the third part of this paper).

To predict the result of the next championship the information about
previous cases from Table I is used. For prediction of the 1950 champion-
ship result, for instance, we had no information, but for prediction of the
1960 championship result we could use the sequence 1011, etc. Thus,
prior to each next championship we had more and more information.

As may be seen from the last line of the table, the gambler’s capital has
increased up to 1.92 after 11 championships, and during the last four, the
capital was only increasing. Thus, as the number of cases rises, the pre-
diction becomes more and more precise because the gambler uses the
available information about previous results for his prediction.

2. TURING PREDICTION

Let us give a definition of the prediction method J that is realizable on
Turing machine M. For simplicity sake, we consider only the case of A =
{0,1} in this section. It is assumed that machine M has a single working
tape. The word y € {0,1}* is written on this tape beforehand. Then the
machine begins to operate and stops after a finite period of time having
two nonnegative numbers P(0/y) and P(1/y) typed on the tape. We may
assume that each of those numbers is rational and is represented as a
rational fraction. Denote the class of such prediction methods as 7. The
important concept of Kolmogorov complexity was defined in [10, 19]; see
also [11]. The connection between the best prediction method and Kolmo-
gorov complexity is established as follows.

THEOREM 1. Let x be an arbitrary word in {0,1} and let J € T be a
prediction method that is realizable on a Turing machine. Then, for n— o

L;(x™) =1 — K(x")/n + O(log n/n), (3)
where K(x™) is the Kolmogorov complexity of the word x™. Moreover,
there is a sequence of prediction methods J, € T, s = 1,2, . . . , such

that for every x € {0,1}* and n — o,

lin& L;(x™) =1— Kx™)/n + O(log n/n). 4)
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Proof. We base the proof on the concept of the universal semicomput-
able measure introduced in [22]. Let us give a definition. The measure u
defined on {0,1}* is called computable if there exist general recursive
functions F(y, n) and G(y, n) defined on all y, {0,1}*, and a positive integer
n such that the number F(y, n)/G(y, n) approximates u(y, n) with accu-
racy 27" (Recall, that a function f(y, n) is called generally recursive if
there exists an algorithm that is realizable, say, on a Turing machine such
that the result of applying the algorithm to the pair (y, n) equals some
nonnegative integer.) A measure v is called semicomputable if there is a
generally recursive function ®(y, n) and ['(y, n) such that the function

B.(y, n) = &(y, n)/T'(y, n) (5)
decreases monotonically over n, and

lim py(y, n) = v(y) (6)

for all y {0,1}*, where ®(y, n) and ['(y, n) may be chosen in such a way
that for all y and » the following equation holds:

B.(y, n) = B,(¥0, n) + B(¥1, n) ™
(see [22 Theorem 3.2]).
The semicomputable measure is defined on {0,1}* U {0,1}*. Asis proved

in [22], there is the universal semicomputable measure R such that for any
semicomputable measure v a constant C, exists such that

R(y) = v(y)/C, (8)
for all y, {0,1}*. In [22] it is also shown tht for all y, {0,1}*,
|K(y) — (~log R(y))| = O(log|y). 9)

Now, consider an arbitrary prediction method J, T. For every xix; * * * Xy,
{0,1}* we define the measure 7; by means of the equality

m(exy - xe) = [ PCalxixy + + * Xi1)- (10)
je1

Obviously, =y is a computable measure. From (8) we have

R(x) = my(x)/Cj.
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Using the logarithm and taking (2), (10) into account, we have
n~llog R(x) = Ly(x;x; * * - x,) — 1 — log Cy/n.

From (9) it follows that
Lixix  x) <1+ K&x™/n+ O <10i n)

that gives us (3).

In order to prove (4) we take two general recursive functions P(y, n)
and I'(y, n) defined for all y € {0,1}* and integers n. These functions
specify a semicomputable measure R. According to (5)—(7), Br(y, n) =
®(y, n)/T(y, n) and the following relationships hold:

lim Br(y, n) = R(y) (11)
Br(y, n) = Br(¥0, n) + Br(y1, n). (12)

For every integer n and all y € {0,1}*, a € {0,1} we define the prediction
method J, € T by

P;(aly) = Br(ya, n)/(Br(y0, n) + Br(y1, n)).

From the equality above and definition (2) we have

ﬁ Br(y1y2 * * * yi, n) )

1
L e y) = 1 + — 10
(V12 ¥r) - 08 (l_:] Br(Yi-10, n) + Br(yi-11, n)

From (12) it follows that

1 T Bryiy2t c  yi, )
L,( ceey)=1+=1lo
1 I12 ) T g (E Br(y1y2 * * * yi-1, n)

1
=1+ ;108 Br(y1y2 * + * y.).
For n — o it follows from (11) and (9) that
. 1
M Ly, (y1 - -+ y) = 1+ ~1og Ry - - * y,)

_q_1 10_81)
=1 TK()’I yr)+0(,r .



PREDICTION ALGORITHMS 287

Taking into account that (3) is valid for any prediction J € T and, hence,
forJ,,n=1,2,. . ., from the latter relationship and (3) we have (4).
The theorem is proven.

For every a € [0,1] a set M, of x words, x € {0,1}" is defined as

M, = {x: sup lim Ly (x™) = a}. (13)
MeT n—®

In other words, M, consists of those x for which such a game strategy
exists that the gambler’s capital should asymptotically increase as 2%,
where n is the number of games. We can readily show that for any a > 0
the Lebesgue measure of the set M, equals 0; therefore it is necessary to
use other characteristics for comparison of M, for different . It turns out
that we can evaluate the ‘‘bulk’ of M, by means of the Hausdorff dimen-
sion. In order to define the Hausdorff dimension of subsets from {0,1}*,
take the mapping o: {0,1}* — [0,1] that assigns to the word x = xjx,* * - €
{0,1}* the number o (x) € [0,1] whose binary expansion has the form
0.x,%. . . . Forevery X C {0,1}* denote by DH(X) the Hausdorff dimen-
sion of the set o-(X) C [0,1]. (For the definition of the Hausdorff dimen-
sion see, for example, [2].)

THEOREM 2. For any o € [0,1] the equality DH(M,) = 1 — e is valid.
Proof. For every B € [0,1] the set Nj is defined as

Ng = {x: x € {0,1}", lim K(x®)/n = g}. (14)

In [16, 17] it is shown that
DH(Np) = B. (15)

It readily follows from the Theorem 1 that for all x € {0,1}*
sup lim Ly(x™) < 1 — lim K(x®)/n.
MeT "% n—

From the latter expression and from (13), (14) it follows that for any a €
[0,1], M, C N—, is valid. Hence, DH(M,) < DH(N;-4). That yields, along
with (15),

DHM,) <1 - a. (16)

In order to prove the inequality opposite to (16), we take an arbitrary o €
[0,1] and the number 7 € [0,1] that is the solution of the equation

o
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—(wrlogm+ (1 -—mlogl —m)=1-—a. (17)

(It is easy to see that such a 7 always exists). We shall consider aset R, C
[0,1] consisting of the words x = xx, - - - such that the threshold rate of
the 0 occurring in x does exist and equals 7 (the rate of 1 being equal to
(1 — ). (Such words are obtained with probability 1 during the tossing of
an asymmetrical coin, where “‘0’’ falls out with probability 7 and ‘1>
with (1 — ). It is known [2] that

DH(R,) = —(mlog 7w + (1 — =) log(l — m))
and it follows from (17) that
DHR, =1 — «a. (18)

In [9] it is shown that there exists a strategy J such that for x € R, the
equality lim,—« L;(x®) =1 + (7 log 7 + (1 — 7) log(1 — 7)) is valid. (This
strategy is very simple; we should stake the share of capital 7 on ““0” and
the share of capital (1 — ) on ‘‘1”’°). Hence, R, C M,. Taking this into
account and from (18), it follows that DH(M,) = 1 — «. This fact and (16)
give the proof of the theorem.

Now, we consider the problem of optimal prediction. A method J is
asymptotically optimal for the class of methods A if for any x € {0,1}” and
any J, € A the inequality

L;,(x) — L;(x) = o(1),

holds (for n — =), where o(1) = 0 for n — «. In other words, the predic-
tion method J is no worse asymptotically than any J, € A. It turns out that
the asymptotically optimal method for the class T of methods that are
realizable on Turing machines does not exist. More precisely, it could be
shown that there does not exist an algorithm giving an asymptotically
optimal method for 7. (Such a method could be based on the universal
measure R from [22] or the Occam measure from [12]. These measures,
however, are not realizable algorithmically.) Therefore an asymptotically
optimal prediction can be realized only for the classes of methods that are
more restricted than T. One of those classes consists of the prediction
methods that are realizable by finite automata.

3. FINITE-AUTOMATA PREDICTION

Now we give the definition of the prediction method that is realizable
by a finite automation. Let « be a finite automation with a finite number of
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states, where iy is the initial state. The automation « is assumed to have
input and output. If the letter a € A is at the input, then after some time
we should have |A| nonnegative numbers at the output whose sum equals
1. (We may consider all of them rational.) In order to define P,(a/xx, - - -
x,) for the word x;x; - - x, € A* and a € A, we should, first, put the
automation « into operation from the state iy. After some time it should
type numbers {P(a); a € A}. Then, x;x; - - - x, have to be fed at the input
in consecutive order. After x; the automation types {P(a/x,); a € A}; after
x, it types {P(alxixy); a € A}; etc. After x, it types {P(alxix; - * - x,);
a € Al

Here we describe the prediction method p whose efficiency for any
word x € A” asymptotically is as high as with any method that is realiz-
able by a finite automation. We give some definitions. Let u = wjuy - - - uy,
v = - - U by two words of A* and k < n, and let s = [n/k]. By 7,(«)
we denote the rate of the word v occurring in the sequence uu; « - * uy,
Upldy * * * Uks1s « - -« > Un—i+1 * * * Up and by v, (u) we denote the rate of v
occurring in the sequence uyuy * * * Uy, Ugs1 * * * Usky « o o U=tk * * * Ugke
For example, 790(000100) = 3, vpo(000100) = 2. Fork =0, 1,2, . . . denote
the mapping ps that assigns to each word of A* the values

|A| 7 for |u| < k
Pk(u) = <I“(|A|/2)>|A|" . L _ al; [(7oq(u) + 1/2) ] | -
T(1/2)4 AF gexx T(Fo(u) + |A]/2) or u] ’

where 7, (1) = 2Zaca Taa(u) and I'() is a gamma function. Now, define the
probability distribution A on the set of nonnegative integers, 0,1,2,. . .,
using the code from [14]. Let

log®(x) = x, log?(x) = logy(logi~"(x))  fori=1
and
m(x) = 1,
so that 0 = log®(x) < 1. Forn =0, 1,2, . . . define

m(n)

wn) = S llogh(m)] + m(n) + 1,  Am) = 270,

i=1
It is known that
—log Mn) = log n + O(log log n)

when n — oo [14].
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We define the function pi A¥— (0,1) by

p(w) = ,;0 MCK) pr(u).

The method of prediction is defined by

plalxixy =+ - x) = plxixy - - k@) plxxz -« - xy),
where the right part is the value of a stake on letter ‘‘a’’ which has to
occur at the moment (¢ + 1), provided there are letters x;x, - - + x, at
previous ¢ moments.

The value p(«) is known in universal coding theory. There, [—log ()]
is the length of codewords of the optimal code on the set of kth-order
Markovian sources [13].

As an example, consider the prediction computation onx = x; - - - x, =
0101, A = {0,1} by the method p. Taking into account that

F<n+%)=%-%-----(2n2_1)\/;; n=z=l; T<l>=\/;

L(n) = — 1!,
we have

I'(1) T2 +1/2) - T2 + 1/2) _ 1232112 - 3/2 3

0101) = -
po(0101) T(1/2) T4+ 1) 1-2-3-4 128

_ (T V1 (TARTQ + 12)\(TA/2TA + 12)) 3
p(0101) = (r(1/2)2) 2 < T3) )( T(Q2) ) Y

_ (LM ' 1 (Tan) TAm\(Ta + U2r12)\* 1
p20101) = (I‘(l/2)2) 22< (1) J( Q) ) - 16
ps0101) = ps0101) = - - - =45 NO) =4  A(D) = &;

\2) =15 p(0101) = kZO Mk)p(0101) = % : I% + % : 3—32-

= 1 9 1 B
+(,;2>‘(k))ﬁ“ﬁ§+(1"()\(0)+7\(1)))'Tg=13x28.

Similarly, we have

p(01010) = 33 x 210, p(01011) = 19 x 2719,
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Hence, the prediction follows:
PP(O/OIOI) = 33/52 = 2/3; PP(1/0101) = 19/52 = 1/3.

Thus, the stake on ‘0’ after ““0101”" is almost twice as high as the stake
on “‘1.”” For k = 1 we define

mw =1 3, (47) os ()

|ul|/k
From [13] it is known that forall k = 0, 1. . . . , [u| = o, the inequality
1 A C(k) 1
108 pelt) — Hiaa(w) = SO0E L (19)

Jul

holds, where C(k) does not depend on u.

THEOREM 3. Let A be a finite alphabet, let x be the word in A%, and let
a be a method of prediction that is realizable by a finite automation and
applicable to all X, n = 1. Then there exists a constant C(a) such that

L, (x™) — LP(x(n)) < g(_q_)nl()ﬂ.

Otherwise, the precision of a prediction by the method p.is asymptotically
not worse than for any finite-automata prediction.

Proof. First, we shall give an auxiliary assertion. Let p = (py, .

s ey

po)and g = (qi, - - - ,q») be two vectors of dimension n, n = 1 such that

p,-ZO,q,-ZOforallizl,. N ,nand2?=1pi=1,2?=1q,~S1.Then
> pilog 2= 0. 20)
i=1 qi

(Here, as usual, 0 log 0 = 0). This inequality is widely known in informa-
tion theory (see, for example, [8]).

Here we consider x € A® and the prediction method « that is realized by
a finite automation with a set of states S, |S| < . We suppose that there is
an initial state i, among the set of states S of the automation . The
automation « is in that state at the initial moment. The prediction of letter
x, € A was denoted as Py(x,/x; - * * X;-1; i), provided that the automation
was in the state i € § at the initial moment and, then, that the word x,x,
+ + + x,_ is at the input. Note, that Po(x,/x1x3 * * * Xe-1; i) = P (x//x 122+ * +
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x,-1). For i € S and x1x; * - * x; € A* we define the value of
Po(xyxy « = = x5 1) = Poxy; 0) - Polralxy; ) © - Polxdxy =+ x2450)  (21)
and we let
mo(x1xy + + + x) = max{P,(x;x; - - - x5 ) i € S}. (22)

Note at once that

> ma(x) 2, (2 P (x; i)) =2 > Pux;i) =S|

XEA! xEA' \iES €S x€A!

Thus,
PENEINER? (23)

XEA!

Now we take integers n, k, N such that n = k- N and evaluate L,(x™) —
LP,(x(")). The following train of expressions is valid:

Lo(x®) = L (x™)

= (log |A| + n7! 2 log P,(xi/x; « + - xi_l))
i=1
- (log Al + n7t Y, P (xilxy - - x,--.))
i=1

k-1
= (kN7 2, log Pulixiver =+ xirow) = (k - N)™' log P, (x”)

(n)
<N Y (”y(f )log ma(9) = s [logmN)pN(xmm

yEAN

+ log <1 + i (h(i)m(X‘”’)/(A(N)p/N(x(”’)))}

i=0;i#N

1 {n)
=¥ 2 (vy(z )) log mo(y) — Ezlv [log pa(x™) + log M(N)]

yeAN

1 )
=N > (UL(%—)) log m4(y)

yEAN

1[, A
+ % (kHNH(x(”)) + log M(N) + ﬂ]\%loﬂ)
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1 v, (x™) oY) - log |S| = C(N) lo
— Io + Hy (x) + Rl
N 2k 8\ L N Y

log AN) _ 1 v, (x™) ma(»)/|S]\ | log |S]
TTkN N%«( k)<l ek TN

log A(N) =~ C(N) log(k - N) ~
t N T N =N loglS|+ (k- N)! log(MN)

+ (k- N)"Y(C(N) log(k - N)).

Here, first two equalities follow from the definitions (2) and (21). The first
inequality follows from (23), the second from the monotonicity of log x,
the third from (19). Equalities are evident. The last inequality follows
from (20) and (23). By increasing N and £ we may make the last sum
infinitesimal. The theorem is proved.

4. THE EFFICIENCY OF ALGORITHMIC PREDICTION FOR THE CLASSES
OF RANDOM PROCESSES

In this section we investigate the efficiency of method p that is optimal
in the class of finite automata, using some sets of random processes. We
establish a connection between the precision of prediction and the Shan-
non entropy of a random process. The results of this section are obtained
in [18] and are presented without proof. Let us begin with definitions. We
define stationary and ergodic processes on the set A” in the usual way
(see, for example, [2, 8]). Denote the set of all stationary processes on A~
and the set of ergodic processes by E(A) and M(A) C E(A), respectively.
Denote by My(A) C M(A) the set of Bernoullian processes and by M (A) C
M(A), k = 1, the set of Markovian processes of connectivity (memory) k.
In other words, for € € M (A), k = 0, the equality

P{E@) = adét — 1) = a1, . . ., E(1) = ai}
= P{EW = alé@t — 1) = ar, . . ., €t — K) = arid

holds for all integers ¢t = k and ay, @2, . . . , a1 € A. (Here, £(7) is a
random value equal to the value of the process at the moment t.) By h(¢)
we denote the Shannon entropy of the process & for £ € E(A) (see, for
example, [2, 8] for the definition).

THEOREM 4. For any k = 0 and a random process £ € M(A) with
probability equal to 1,

lim L (xixp - - x,) = log |A] — h(é).

{—>00
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(The limit does exist with probability equal to 1.) On the other hand, any
prediction method o realizable on the Turing machine is asymptotically
no better than p, so the following inequality is valid with probability equal
to 1:

lim L,(x1x, « - - x) < log |A| — h(¢).
—%

The proof readily follows from the results obtained in [18].

The theorem presented shows that the prediction method ‘‘collects
statistics’> on the sequence xx, - - - x, efficiently enough and uses that
information to increase the precision of prediction, attaining (in the limit)
the maximal precision (and the maximal wealth in the game).

For the classes of Bernoulli and Markov processes, method p is also
optimal in a somewhat stronger sense. We define the average precision for
& € M(A) and the prediction method « by the equality

L&, ©) = Ef(Ly(x1xz - * X)),

where ¢ = 0 is an integer and E(-) is an expectation over ¢. The following
theorem is valid.

THEOREM 5. The average precision of prediction according to the
method p is maximal in the classes of Bernoullian and Markovian pro-
cesses. More precisely, for k = 0 and ¢ € M;(A),

— k
Ep(f, ) = log |A| — W(¢)) — (’A‘—Ztl)‘Al— log t + O(1/1).

On the other hand, for the prediction according to any method « that is
realizable on a Turing machine, the following inequality is valid:

— k
sup [log A — h(£) — L.(£, D] = (Al - Dlaf

log t + O(1/1).
EEM(A) 2t

The proof is also given in [18].
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