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The computational efficiency of lossless data compression
for large alphabets has attracted attention of researches for
ages due to its great importance in practice. The point is
that, on the one hand, often a source alphabet is very large or
even infinite ( see, for example, [2]) and, on the other hand,
for many adaptive codes the speed of coding depends substan-
tially on the alphabet size. Thus, the number of operations
of an obvious (or naive) method of updating the cumulative
probabilities is proportional to the alphabet size N . Jones
[1] and Ryabko [4] have independently suggested two differ-
ent algorithms of updating, which perform all the necessary
transitions between individual and cumulative probabilities in
O(log N) operations. Later many such algorithms have been
developed and investigated in numerous papers, see for a re-
view, for example, [3].

In this paper we suggest a method for speeding up codes
based on the following main idea. Letters of the alphabet
are put in order according to their probabilities (or frequen-
cies of occurrence), and the letters with probabilities close
to each other are grouped in subsets (as new super letters),
which contain letters with small probabilities. The key point
is the following: equal probability is ascribed to all letters in
one subset, and, consequently, their codewords have the same
length. This gives a possibility to encode and decode them
much faster than if they are different. Then each subset of
the grouped letters is treated as one letter in the new alpha-
bet, whose size is much smaller than the original alphabet.
Such a grouping can increase the redundancy of the code. It
turns out, however, that a large decrease in the alphabet size
may cause a relatively small increase in the redundancy. Since
the frequencies are changing after coding of each message let-
ter, the order should be updated. Now there exist algorithms
and data structures, which give a possibility to carry out the
updating using a few operations per message letter, see [5, 3].

Let us give some definitions. Let A = {a1, a2, . . . , aN}
be an alphabet with a probability distribution p̄ =
{p1, p2, . . . , pN} where p1 ≥ p2 ≥ . . . ≥ pN , N ≥ 1. The
distribution can be either known a priory or estimated on the
basis of statistics. Let letters from the alphabet A be grouped
as follows : A1 = {a1, a2, . . . , an1}, A2 = {an1+1, an1+2, . . . ,
an2}, . . . , As = {ans−1+1, ans−1+2, . . . , ans} where ns =
N, s ≥ 1. We define the probability distribution π and the
vector m̄ = (m1, m2, ..., ms) by πi =

∑
aj∈Ai

pj and mi =

(ni−ni−1), n0 = 0, i = 1, 2, . . . , s, correspondingly. We intend
to encode all letters from one subset Ai by codewords of the
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same length. For this purpose we ascribe equal probabilities
to the letters from Ai by p̂j = πi/mi . Such an encoding causes

some redundancy, which is r(p̄, m̄) =
∑N

i=1
pi log(pi/p̂i).

The suggested method of grouping implies that the proba-
bilities (or their estimates) are ordered. That is why we are
interested in an upper bound for the redundancy, given by
R(m̄) = supp̄∈P̄N

r(p̄, m̄) , P̄N = {p1, p2, . . . , pN : p1 ≥ p2 ≥
. . . ≥ pN}. The following theorems gives a possibility to cal-
culate the redundancy and to find its asymptotic estimation.

Theorem. For each m̄ = (m1, m2, ..., ms) the fol-
lowing equality for the redundancy is valid: R(m̄) =
maxi=1,...,s maxl=1,...,mi l log(mi/l)/(ni + l), where, as before,

m̄ = (m1, m2, ..., ms), ni =
∑i

j=1
mj , i = 1, ..., s.

Corollary. If we denote the extra redundancy by δ and
apply the proposed scheme to the arithmetic code and N-
symbol alphabet, we obtain the time of encoding and decod-
ing c(log log N + log(1/δ)) + c1 instead of c log N + c2 for a
usual code, N →∞.

The practically interesting question is how to find a group-
ing which minimizes the number of groups for a given up-
per bound of the redundancy δ. The theorem can be used
as the basis for such an algorithm. One of such algorithms
is implemented and can be used for practical needs, see
http://www.ict.nsc.ru/∼ryabko/ GroupYourAlphabet.html.

The suggested method of grouping is applied to block cod-
ing of stationary ergodic sources with unknown statistics. The
main problem of block encoding is that the number of blocks
grows exponentially when the block length grows. In fact, it
means exponential increasing of the input alphabet. In order
to surmount this obstacles we suggest applying the described
method of grouping to the set of all possible blocks in such
a way that the redundancy caused by grouping is relatively
small whereas the size of new alphabet is much less than the
number of the possible blocks. As a result, the average num-
ber of operations per a source letter will be exponentially less
than for usual block coding.
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