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In [3] Elias proposes to use a prefix code of integers for run-length
coding. Elias has constructed three new universal binary represen-
tations of integers and by using them has constructed universal
codeword sets. For the best representation of integers from [3] the
redundancy of it the given code reach@sp loglog (1/p), where

Fast Coding of Low-Entropy Sources C2 is a constant. _
An effective run-length coding method was offered by Golomb [4].
Boris Ya. Ryabko and Marina P. Sharova In [5] it was shown that for particular values of a run-length coding

scheme Golomb’s code is optimal.
However, the known methods of coding low-entropy sources
Abstract—The problem of coding low-entropy information sources is [1], [3]-[5] do not allow reaching the given redundancy. In this
considered. Since the run-length code was offered about 50 years ago bycorrespondence, a new method of coding low-entropy sources is
Shannqn, it is known that for such sources there exist coding methpds offered. It permits reaching a given redundancyith almost the
much simpler than for sources of a general type. However, known coding . . .
methods of low-entropy sources do not reach the given redundancy. In this Sa8Me encodgr and de(_:Oder memory size as obtained in [6] for general
correspondence, a new method of coding low-entropy sources is offered. It methods, while encoding and decoding is much faster.
permits a given redundancyr with almost the same encoder and decoder ~ Here we consider a problem of coding a Bernoulli source with
memory size as that obtained by Ryabko for general methods, while nown statistics. Note that the offered code construction is applicable
encoding and decoding much faster. - . .
also for the Bernoulli sources with unknown statistics and for more
Index Terms— Complexity of coding, fast algorithm, low-entropy complex models.
sources, redundancy, run-length coding.

Il. ALGORITHM OF CODING LOW-ENTROPY SOURCES

Let a Bernoulli source generating a sequence of zeros and ones
) ) with probabilities ¢ and p, respectively, wherp — 0, be given.
We consider the problem of low-entropy source coding whos& ;- - ( be the given redundancy of a code. Our problem is to

elementary example is a Bernoulli source generating a sequeggRstruct a method of source coding permitting us to reach the given
of zeros and ones with probabilities and p, respectively, when redundancyr.

p — 0. This problem has attracted attention of many researchersyy oyr method encoding is implemented in two stages: first, a
as for coding of such sources there exist simpler methods than ify@ssage is compressed by a simple code and an output sequence
general case. The efficiency of a code is measured by redundapCihen encoded by a fast and effective code. After the first stage the
and by complexity of encoding and decoding. The redundantsy |ength of the input sequence is essentially reduced, and applying a
complex fast algorithm at the second stage provides little total time of
T%ncoding and decoding per letter of the initial message. At the second
e L . . .
Slgge it is possible to use many codes, for example, the arithmetic
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estimates: Let us explain the appearance of these probabilities. In fact,
1 1 :

Vv :()(77 log F) T :P<yi =1lys---yi1 =0---0; ;yi > 0)

T 3 1 1 1

T =0{log o log]ogT—, . Q) P<yz=1,y1---yi—1=0"'0 Zyi>0)

— i=1
1
Our method will require memory size as above, and a significantly P<y1 Y1 =040 Z; yi > 0)
smaller average time of encoding and decoding. 1—¢
Let us describe the offered method of coding in more detail. Let it =1z g+

be required to reach some redundancy > 0. We divide the input
message into blocks of the lengths= [1/,/p]. If a block consists since
completely of zeros, then its code is zero. Otherwise, we encode it
according to the following rule: the first letter of the codeword is !
followed by the same block of the lengthThe length! = [1/,/7] Plyi=Lyi-yimr =0---0 Z] yi >0
is chosen such that the average codeword length (per source letter) = .
obtained after the first stage is minimal. The blocks do not need to p(w =1,y yic1 =0---0; Sy > 0)
be stored in memory as it is enough to store only counters of zeros, — =1
whose lengths aré@(log 1/p). Note that compression at the first P<le i > 0)
stage is achieved only if the source is low-entropy. Otherwise, the =1
method does not reduce the length of message and does not simplify gt
encoding. T1_¢

For example, lep = 1/8 and the sequence

and
001000000000110000000000
p<y1...yil =0---0

l

>y > 0)
be coded. Then = 3, and the encoded sequence looks like =t .
100100011100 0 0 (gaps are used for convenience of reading). P(yl sy =0---0; Z yi > 0)

Let now y1y2 ---y: be a sequence obtained after the first stage — i=1

of encoding,y; € A, A = {0, 1}. Consider the second stage of P(XI: i > O)
encoding realized by a fast code from [6]. Note that the sequence i=1
y1y2 - - - Y+ cannot already be considered as a Bernoulli one, therefore, ¢ (1= q,,(i,l))
we offer a new method. First, for convenience, we present a sequence :
y1y2 P yt as

1—4¢

In addition,
Ty 001 greeyreee. l
1 i P<11i=0|y1---yi1=0---0: Z'yi>0>:1—m.
=1

In this sequence we mark “blocks” of length(i = [1/,/p]) fol- The symbols followingl in the “block” y; - - - y; are encoded with
lowing after appearance df, and “special” symbol$) and 1 not the help of an encodek” with initial probabilitiesq andp for 0 and
included in “blocks” (in the sequence “special” symbols are undey- respectively.
lined). It is important to note that the probabilities are not stored in
Encoding of variousy: is implemented with the help of variousthe encoder and the decoder memory (it would require too much
encoders “tuned” to various probabilities of appearance of zeros %@mory), but they are recursively calculated. Figst,is encoded
ones and is in the following. with probability =1 (if ;i = 1) or (1 — =) (if y; = 0), and
The “special” symbold) and 1 are encoded with the help of an, is stored in memory (it is calculated prior to the beginning of
encoderk’, with probabilitiesy’ and(l—q’) for 0 and1, respectively. encoding). Ify; = 1, then all the symbols following, are encoded
Let us consider encoding of symbols inside the “blogk™ --y:  ith probabilitiesq and p for 0 and 1, respectively. Otherwiser.

of length /. Let is calculated andy» is encoded with probabilityrs (if y2 = 1) or
(1 — m2) (if yo = 0). If y2 = 1, then the symbols following.
Y- yii1=0---0 (i=1,2,---,1). are encoded with probabilitieg and p for 0 and 1, respectively.
- . b 9 b

Otherwise,r; is calculated ang; is encoded with probabilitys or
(1 — m3), etc. Formally, the algorithm of encoding can be described
as follows:
Step 1. 7; is calculated ang; is encoded with the probability;,
if Yi = 1, or (1—7’1’,‘), if Y, = 0.
Step 2. Ify; = 1, then all the symbols following, are encoded
with initial probabilitiesq andp for 0 and1, respectively.

= 1_47_ - 1 . ) Otherwise, turn to the following symbols and return to
S R S R Step 1.

i—1

Then symboly; following (¢ — 1) zeros is encoded with the help
of an encoderk; with probabilitiesw;, if y; = 1, or (1 — m;), if
y; = 0, where
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i 0 0 1 0 0 o 1 1 1 0 0 0 0
N—— ————
Yo Y2 Ys Y4 Ys Ye Y7 Ys Yo Yo Y11 Y12 Y1z Y14
Ko Ky Ky K3 Ko Ko Ko Ky K, K K Ko Ko K.

Note (see (2)) that As y, = 0 we encodeys by the encodel, with the probability
R 1—m=1-1/(1+7/8)=7/15.
) ™
1 1 I—o As y3 = 0 we encodey, by the encodety’s with the probability
P mg = 1
w3 T2 3 .

The symbolys of the second “blocks}syi0y:1 is encoded by the
encoderk’; with the probability

mo=1/(14+7/8+(7/8)%) = 64/169.

etc. Therefore, the probabilities; may be calculated under the
following recursive formula:

1 1 I—i

Tit1 T ¢ As yo = 1 the symbolsy;, andy:, are encoded by the encod&r

ith probabilitiesp(yi0) = 1/8, p(y11) = 7/8.

Thus the probabilities only for three encodéss, K., K, one of

d:=d/q which is variable, and counters of zeros of the si#dog (1/p)) are

-1 _ @) stored in memory. Hence, the given method has the same memory

of the encoder and the decoder as “general” methods. As “general”

with the initial data methods we understand the codes intended for coding sources of any

. kind (not only low-entropy sources). Here as a “general” method we

Thus the calculation can be arranged under the following schemeV

1=1 use the code from [6].
RS RN RETE The properties of this method are characterized by the following
theorem.
The following “block” is encoded in the same way, and before
encoding of each new “block” new initial data are formed. Theorem: Let there be given a Bernoulli source generating a

Note that after the first stage, the sequence -y, can be uniquely sequence of zeros and ones with probabiligeandp (p < 1/2),
decoded. Actually, for every “special” symbolthere is a specific respectively, and- > 0. Let the above-described code with=

block [1/,/p] at the first stage and the redundarcy: »/2 at the second
stage be used. Then the general redundancy of the code does not
QV_Q exceedr, and the memory siz& of the encoder and decoder and

{ the average tim& of encoding and decoding of one symbol satisfies

of initial sequence, but for every “block” of lengihfollowing after  the following inequalities:

appearance of there is the same block of the lengthof initial e 1
sequence. V<~ log <;>

In order to reach necessary redundanay method from [6], all the 1 1
probabilities must be presented the numbers with[ log (1/7)+3] T < Co/p log® <%> log log <5> +C3

binary digits. To reach this accuracy when presenting the probabilities
m; itis sufficient to do calculations with numbers which are presentsdhere C1, C2, andC; are constants.
by words of length Proof: The coding is constructed by the following scheme:

f=T[44log(1/r)+2log I] = [4+ log(1/7) +1log (1/p)]. §—8—=5"

It can be easily shown that bits are sufficient to attain necessary¥heres is a word of length/, " is a word of length/;, obtained
precision for representation of;. after the first stage of coding,” is a word of lengtH obtained after

It should be noted that the calculation time does not exceed the second stage of coding. Liet and/.; be the original entropy and
C(log®(1/r) + log?(1/p)), where C' is a constant (we make usethe entropy after the first stage, respectively. Since af_ter the first stage
one subtraction, one multiplication, and two division of the number@,e sequence can be uniquely decoded, the entropies of the source
which are presented by words of lengtig (1/r) bits). and encoded message must be equal, i.e.,

Consider the described construction on the previous example. Let hol = hyly.
p=1/8,¢=17/8,1 =3, and the sequence be the following matrix
(see the top of this page). Then the “special” symbols are encodEaen
by the encodelX, according to the probabilities 1

. h] = h(] l_ (4)
p(ys) = p(ye) = p(yr) = p(yrz) = py1a) By definition, the redundancylat the second stage is of the form
=p(y14) = (7/8)° = 343/512. 7= 1_2 — I, (5)
1
According to (3) the symbol, of the first “blocks” y.ysy4 IS The general redundandg is of the form
encoded by the encoddy; with the probability ]
R= 2 —ho. (6)

1—m=1-1/(14+7/84(7/8)%) = 105/169. I
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From (4)—(6) we have On Channel-Constrained Vector Quantization and
Index Assignment for Discrete Memoryless Channels

Mikael Skoglund,Member, IEEE

Abstract—This correspondence introduces an approach to the design
channel robust vector quantizers. Design criteria are derived based

;o .
wherel" = 1,/ is the average codeword length (per source letteﬁl a new expression for the channel distortion as a function of the

obtained after the first stage. Let us show that codevectors of the quantizer. The introduced framework for design and
analysis holds for arbitrary discrete memoryless channels. Simulations
I < 2\/ﬁ+p_ @) demonstrate good performance. The correspondence also presents new

results regarding the channel distortion as a function of the index

Actually, as the probability of appearance of a block consisting 8fs'gnment given to the codevectors of a vector quantizer

zeros only is equal to' = (1 - p)!, then Index Terms—Channel distortion, channel robust source coding, com-
bined source-channel coding, discrete memoryless channel, Hadamard
, 1y . ;1 transform, index assignment, vector quantization.
U=(d +0+00-ah)=1-¢'+7

1

—+ 1) +vp

7 VP
=2yp+p Channel robust source coding, with an emphasis on vector quan-
o ) tization (VQ) for noisy channels, is a research topic that has drawn

that coincides with (7). (Here we have taken advantage of the knoyfych recent attention [1]-[10]. The existing methods for VQ over

1 1
=1-(1-p)'+5<Ip+7 <7’<
l l I. INTRODUCTION

inequality (1 + )" > 1+ na(x > —1).) noisy channels can be divided, roughly, into two main groups. In
Therefore, wherp < 1/2 the first, referred here to asbustVQ (RVQ), a VQ trained for a
) r noiseless channel is made robust toward channel errors by means
R=17<52p+p)<r of an index assignment (IA) algorithm [4], [6], [7], [11], [12]. In
the second, referred to ahannel-optimized/Q (COVQ), the VQ
i.e., the general redundancy does not exceed is designed assuming a known channel, taking the resulting channel

Evaluation of the average timé& is based on summing up thedistortion into consideration in the design [1]-[3], [5], [7], [8]. Ideally,
number of binary operations performed in encoding and decoding. #he runtime channel parameters should then agree exactly with the
the first stage the time of coding is equal@®g1). According to (1) ones assumed during training. In this correspondence we also wish
the time of encoding of one symbol of the sequence compressed atttheonsider a third class of methods, here referred tahesinel-
first stage is equal t&(log®(1/R) log log (1/R)). As noted above, constrainedVQ (CCVQ), where the VQ is trained for minimum
the calculation timer; does not exceed(log®(1/r) +log®(1/p)). quantization distortion under a constraint determined by the channel
Multiplying the total time of encoding at the second stage by th@g3]-[15]. The aim of the design is to provide the quantizer with
average codeword lengih we obtain that the time of encoding of “inherent” channel robustness. The code is then applied as an ordinary

one symbol satisfies the inequality VQ, that is, as if the channel were noiseless.
In the design and analysis of VQ transmission for noisy channels,
T < 02ﬁ10g3<i) 10g10g<i) +Cs expressions for the resultinghannel distortion(that is, the part
rp rp of the total distortion due to channel errors) are helpful tools.

. . . Most previous work regarding analytical expressions for the channel
where C, C; are constants. The time of decoding is determinegq; o (see, e.g., [9], [10], [12]-[14], and [16]-[20]) requires
similarty. the two assumptions that: i) the channelbigary and symmetric,

and that ii) the transmitted VQ indices agguiprobable[17], [19],
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