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a b s t r a c t

Weaddress the problems of estimating the computer efficiency and the computer capacity.
We define the computer efficiency and capacity and suggest a method for their estimation,
based on the analysis of processor instructions and kinds of accessible memory. Obtained
results can be of some interest for practical applications.
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1. Introduction

We address the problem of what the efficiency (or performance) and the capacity of a computer are and how they can
be estimated. More precisely, we consider a computer with a certain set of instructions and several kinds of memory [1].
What is the computer capacity, if we know the execution time of each instruction and the speed of each kind of memory?
What is the computer efficiency if the computer is used for solving problems of a certain kind (say, matrix multiplications)?
On the one hand, the questions about the computer efficiency and capacity are quite natural, but, on the other hand, to the
best of our knowledge, the computer science does not give answers to these questions. The goal of this paper is to suggest
a reasonable definition of the computer efficiency and capacity and methods of their estimation. We will mainly consider
computers, but our approach can be applied to all devices which contain processors, memories and instructions. (Among
these devices we mention mobile telephones and routers.)

2. The computer efficiency and capacity

First, we briefly describe the main point of the suggested approach and give definitions. For a start, we will consider the
simplified variant of a computer, which consists of a set of instructions I and an accessible memory M . It is important to
note that any instruction x ∈ I contains not only its name (say, JUMP), but memory addresses and indexes of registers. For
example, all instructions JUMP which deal with different memory addresses are contained in I as different instructions.

A computer task P determines a certain sequence of instructions X(P) = x1 x2 x3 . . . , xi ∈ I . For example, if the program
P contains a loopwhichwill be executed ten times, then the sequence X will contain the body of this loop repeated ten times.
It is important to note thatwe do not suppose that all possible sequences of instructions are allowable. In principle, there can
be sequences of instructions which are prohibited. For example, it is possible that some pairs of instructions are prohibited.
In other words, it is possible that sequences of instructions should satisfy some limitations (or some rules).We define the set
of all allowable sequences of instructions by SC and consider two different sequences of the computer instructions from SC as
two different computer tasks. So, any computer task can be presented as a sequence of instructions from SC . Moreover, the
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opposite is also true: any sequence of instructions from SC can be considered as a computer task. Indeed, using a so-called
assembly language any sequence of instructions from SC can be presented as a computer program; see, for example, [1].

Let us denote the execution time of an instruction x by τ(x). For the sake of simplification, we suppose that all execution
times τ(x), x ∈ I , are integers and the greatest common divisor of τ(x), x ∈ I , equals 1. (This assumption is valid for
many computers if the time unit equals a so-called clock rate; see [1]. In this paper, this assumption gives a possibility to
use lim instead of lim sup, when the capacity will be defined.) Then the execution time τ(X) of a sequence of instructions
X = x1 x2 x3 . . . xt is given by τ(X) =

∑t
i=1 τ(xi).

The key observation is as follows: the number of different computer tasks, whose execution time equals T , is equal to the
size of the set of all sequences of instructions, whose execution time equals T , i.e. ν(T ) = N(T ), where ν(T ) is the number
of different problems, whose execution time equals T , and

N(T ) = |{X : τ(X) = T }|. (1)

In other words, the total number of computer tasks executed in time T is equal to (1). Based on this consideration we
give the following definition.

Definition 1. Let there be a computer with a set of instructions I and let τ(x) be the execution time of an instruction x ∈ I .
The computer capacity C(I) is defined as follows:

C(I) = lim
T→∞

logN(T )

T
, (2)

where N(T ) is defined in (1), log x ≡ log2 x.

(That this limit exists can be proven based on the lemma by Krichevsky [2].)
Let us consider a simple example. There are two computers C1 and C2 which have identical sets of instructions I1 and

I2, but their execution times are different in such a way that the speed of the first computer is twice more than that of the
second one, i.e. τ1(x) = τ2(x)/2 for any x ∈ I . From definition (2) we immediately obtain that C(I1) = 2C(I2). Apparently,
this equation is quite natural.

The next question to be investigated is the definition of the computer efficiency (or performance), when a computer
is used for solving problems of a certain kind. For example, one computer can be a Web server and another can be used
for solving differential equations. Certainly, the computer efficiency depends on the problems the computer has to solve. In
order tomodel this situation, we suggest the following approach: there is an information sourcewhich generates a sequence
of computer tasks in such a way, that the computer begins to solve each next task as soon as the previous task is finished.
Wewill not deal with a probability distribution on the sequences of the computer tasks, but consider sequences of computer
instructions, determined by sequences of the computer tasks, as stochastic processes. In what follows, we will consider the
model when this stochastic process is stationary and ergodic, and we will define the computer efficiency for this case.

The definition of efficiency will be based on results and ideas of information theory, which we introduce in what follows.
Let there be a stationary and ergodic process z = z1 z2 . . . generating letters from a finite alphabet A (the definition of
stationary ergodic process can be found, for ex., in [3]). The n-order Shannon entropy and the limit Shannon entropy are
defined as follows:

hn(z) = −
1

n + 1

−
u∈An+1

Pz(u) log Pz(u), h∞(z) = lim
n→∞

hn(z) (3)

where n ≥ 0, Pz(u) is the probability that z1 z2 . . . z|u| = u (this limit always exists; see [3,4]). We will consider so-called
i.i.d. sources. By definition, they generate independent and identically distributed random variables from some set A. Now
we can define the computer efficiency.

Definition 2. Let there be a computerwith a set of instructions I and let τ(x) be the execution time of an instruction x ∈ I . Let
this computer be used for solving such a randomly generated sequence of computer tasks, that the corresponding sequence
of the instructions z = z1 z2 . . . , zi ∈ I , is a stationary ergodic stochastic process. Then the efficiency is defined as follows:

c(I, z) = h∞(z)/
−
x∈I

Pz(x)τ (x), (4)

where Pz(x) is the probability that z1 = x, x ∈ I .

Informally, the Shannon entropy is a quantity of information (per letter), which can be transmitted and the denominator in
(4) is the average execution time of an instruction. So, c(I, z) is a quantity of information per time unit.
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3. Methods for estimating the computer capacity

The efficiency, in principle, can be estimated based on statistical data, which can be obtained by observing a computer
which solves tasks of a certain kind.

The simplest estimate of computer capacity can be obtained if we suppose that all sequences of the instructions are
admissible. In other words, we consider the set of instructions I as an alphabet and suppose that all sequences of letters
(instructions) can be executed. In this case, the method of calculation of the lossless channel capacity, given by Shannon
in [4], can be applied. He showed that the capacity C(I) is equal to the logarithmof the largest real solutionX0 of the following
equation:

X−τ(x1) + X−τ(x2) + · · · + X−τ(xs) = 1, (5)
where I = {x1, . . . , xs}. In other words, C(I) = log X0.

It is easy to see that the efficiency (4) is maximal, if the sequence of instructions x1 x2 . . . , xi ∈ I is generated by an i.i.d.
source with probabilities p∗(x) = X−τ(x)

0 , where X0 is the largest real solution to Eq. (5), x ∈ I . Indeed, having taken into
account that h∞(z) = h0(z) for i.i.d. source (see [3]) and the definition of entropy (3), the direct calculation of c(I, p∗) in (4)
shows that c(I, p∗) = log X0 and, hence, c(I, p∗) = C(I). So, we obtain

Theorem 1. Let there be a computer with a set of instructions I and let τ(x) be the execution time of x ∈ I . Suppose that all
sequences of instructions are admissible computer programs. Then the following equalities are valid: (i) the alphabet capacity
C(I) (2) equals log X0, where X0 is the largest real solution to Eq. (5) and (ii) the efficiency (4) is maximal if the sequences of
instructions are generated by an i.i.d. source with probabilities p∗(x) = X−τ(x)

0 , x ∈ I .

As an example, we briefly consider theMMIX computers suggested by Knuth [5]. The point is that this computer is described
in detail and can be considered as a model of a modern computer. The MMIX computer has 256 general-purpose registers,
32 special-purpose ones and 264 bytes of virtual memory [5]. The MMIX instructions are presented as 32-bit words and in
this case the ‘‘computer alphabet’’ consists of almost 232 words (almost, because some combinations of bits do not make
sense). In [5], the execution (or running) time is assigned to each instruction in such a way that each instruction takes an
integer number of υ , where υ is a unit that represents the clock cycle time. Besides, it is assumed that the running time
depends on the number of memory references (mems) that a program uses. For example, it is assumed that the execution
time of each of the LOAD instructions is υ + µ, where µ is an average time of memory Ref. [5]. If we consider υ as the time
unit and define µ̂ = µ/υ , we obtain from the description of MMIX [5] and (5) the following equation for finding an upper
bound on the MMIX capacity:
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The value µ̂ depends on the realization of MMIX and is larger than 1 for modern computers [5]. Now we can estimate the
capacity for different µ̂. For example, if µ̂ is small (say, µ̂ = 1), the capacity is large (about 35 bits). If µ̂ is large (µ̂ = 5), the
capacity is around 31.5 bits.

It is natural to use estimations of the computer capacity at the design stage. We consider an example of such estimations
that are intended to illustrate some possibilities of the suggested approach. Suppose a designer has decided to use the
MMIX set of registers. Suppose further, that he/she has a possibility to use two different kinds of memory, such that the
time of one reference to the memory and the cost of one cell are τ1, c1 and τ2, c2, correspondingly. It is natural to suppose
that the total price of the memory is required not to exceed a certain bound C . As in the example with MMIX we define
µ̂1 = τ1/υ, µ̂2 = τ2/υ , where, as before, υ is a unit that represents the clock cycle time.

As in the case of MMIX, we suppose that there are instructions for writing and reading information from a register to
a cell. The set of these instructions coincides with the corresponding set of the MMIX computer. If we denote the number
of the memory cells by Si (Si = C/ci), we can see from (6) that the designer should calculate the maximal roots for the
following equations
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i = 1, 2. Then he/she can choose that kind of memory for which the solution is larger. It will mean that the computer
capacity will be larger for the chosen kind of memory.

In conclusion, we note that the suggested approach can be extended to multi-core processors and special kinds of cache
memory.
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