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Abstract—We propose an algorithm for enumeration and denumeration of words with given
constraints on run lengths of ones (dklr-sequences). For large n, operation time of the algorithm
(per symbol of a sequence) is at most O(log® nloglogn), where n is the length of enumerated
words, whereas for the best known methods it is at least cn, ¢ > 0.
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1. INTRODUCTION

In many telecommunication and data storage systems there exist constraints on the length of
sequences (runs) of consecutive identical symbols. In this connection, the problem arises of encoding
and decoding (enumeration and denumeration) of run-length-limited words. For instance, one of
such constraints is forbidding two consecutive ones in a word.

A sequence of zeros and ones is said to be a dk-sequence if the length of any run of ones between
two zeros is not less than d and not greater than k. As an example, here is a list of all sequences
of length n = 5 with the constrains d = 1 and k£ = 2: (01010), (01011), (01101), (10101), (10110),
(11010), and (11011).

If, besides these constraints, the run length of ones from the beginning of a sequence to the first
zero is at most [, and the run length of ones from the last zero to the end of a sequence is at most r,
such a sequence is referred to as a dklr-sequence. (Note that often constraints are imposed on run
lengths of zeros; however, it is more convenient for us to use the above definition in what follows.)

By enumerative encoding (or enumeration), we mean finding the number of a word in the set of
dklr-sequences of a given length; in turn, reconstructing a word given its number is referred to as
denumeration. (Elements of the set are assumed to be ordered in a certain way, and numbers of
elements are defined with respect to this order.)

The enumerative encoding problem was first considered in works by Kautz [2], where a method
based on Fibonacci numbers was proposed. Table 1 presents lexicographically ordered words of
length n = 4 with the following constraints on the run lengths of ones: d = 0 and k£ = 1 (i.e., these
are words with no two consecutive ones; their total number is eight).

The idea of the Kautz enumeration method is as follows: sequences of so-called position weights
(which are integers assigned to digit positions of enumerated words) are found. In our example, the
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370 MEDVEDEVA, RYABKO
Table 1. Words of length n = 4 with constraints d =0, k =1

Number Word

0 0000
0001
0010
0100
0101
1000
1001
1010

N[O | O =W N~

position weights coincide with Fibonacci numbers and are, respectively, 1, 2, 3, and 5. The number
of a word is obtained by summing weights of its nonzero positions, which are numbered from right
to left. Thus, the number of 0101 is obtained as follows: 0 x5+ 1 x34+0x 241 x 1 =4, which
coincides with its number in Table 1.

A generalization of this method is the enumeration method for dk-sequences proposed in [3],
which, in turn, was generalized in [4] (see also [5]). These methods enumerate sequences with
d>0,k>d, | >0,and r > 0. Further development and generalization of the method of [3] was
undertaken in [6], and an enumeration method for dklr-sequences with constraints on their weight
(i.e., on the total numbers of zeros and ones) was proposed in [7]. The general scheme of operation
of these algorithms is close to [2], though positions weights are computed by other rules.

It is important to note that for all the above-mentioned methods the encoding/decoding time per
symbol is at least c¢n, where ¢ > 0 is a constant, and memory grows polynomially with n. Indeed, in
encoding one has to look through n positions of a word and compute the sum of weights of nonzero
positions. Here the possible number of ones is proportional to n, and the binary representation of
Fibonacci numbers (or weight coefficients on other methods) also amounts to n bits. Thus, to find a
word of length n one has to compute the sum of c¢n terms of n bits each, which results in cn bit op-
erations per symbol of an enumerated word. Since Fibonacci numbers (and analogous weight coeffi-
cients in other methods) muts be stored, memory required for encoding grows polynomially with n.

In the present paper, we propose a fast enumeration algorithm for dklr-sequences with poly-
nomial memory (as for previously known algorithms) but with encoding/decoding time per sym-
bol of the order of O(log®nloglogn), which is exponentially smaller than for previously known
methods. Note that complexity of methods is estimated by the required memory (in bits) and
encoding/decoding time per symbol, which is measured by the number of bit operations in imple-
mentation on a RAM machine, which is a model for a “usual” computer [8].

Note that the proposed method employs an algorithm of [9] designed for enumeration/denumera-
tion of elements of a set W of words over a finite alphabet A of a given length N with a given number
of occurrences of each symbol A in words of W. For example, for A = {0,1} and N = 4, theset W =
{(0011,0101,0110,1001, 1010,1100} contains all words with two ones (and zeros). In enumeration,
for each word of W, its number with respect to the lexicographic order is found; in denumeration,
given a number (i.e., an integer in the range 0,...,|W| — 1), the corresponding word w € W is
found. Encoding/decoding time per symbol of a word for this method is O(log® N loglog N) for
large N, and memory grows polynomially with V.

Below, in Section 2, we describe our method for a subclass of dklr-sequences; Section 3 considers
the general case. We choose such way of presentation, since in our opinion it allows us to simplify
description of the method.
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FAST ENUMERATION ALGORITHM 371

2. ENUMERATION OF WORDS WITH CONSTRAINTS
ON THE MAXIMUM RUN LENGTH OF ONES

To simplify the description of the method, we first consider a particular case of enumeration
of dklr-sequences with d = 0, £ > 0, [ = 0, and r = k. Note that this problem is of a certain
independent interest, since, when joining several words into one sequence, the latter does not
contain runs of more than k ones due to the condition [ = 0.

As an example, we will consider enumeration of sequences of length n = 6 with the constraints
d=0,k=r=1,and ! = 0. Here is a list of all such words: (000000), (000001), (000010), (000100),
(000101), (001000), (001001), (001010), (010000), (010001), (010010), (010100), and (010101).

Every word of length n cab be divided into a sequence of subwords of the form ay = (0),
ap = (01),...,a,=(01...1) (i.e., each subword consists of a single zero followed by a run of ones)

k
and then put into correspondence with a word over the alphabet A = {ag,as,...,ar}. Denote

by S; the number of subwords of the form (01...1) in a word of length n. For example, for
0<i<k

the word (000101) we have Sy = 2 and S; = 2. Then the set of all words of length n with the

constraints d = 0, £ > 0, [ = 0, and r = k is divided into subsets defined by the condition that

two words belong to one such subset if and only if these two words have the same composition

So,51,52,...,Sk. Denote the set defined by the tuple Sy, S1,Ss,...,Sk by m(Sp, S1,S,...,Sk).

In our example,

m(2,2) = {(000101), (001001), (001010), (010001), (010010), (010100)}.

It easily seen that the set m(Sp, S1,S52,...,S5k) consists of words that are concatenations of all
possible permutations of Sy words (0), S; words (01), Sz words (011), ..., and Si words (01...1).

In our case m(2,2) consists of concatenations of Sy = 2 words (0) and S; = 2 words (01). Thekcar-
dinality of a set specified by a tuple (S, S1,S2, ..., Sk) is computed as the number of permutations
with repetition:

(SO+S1+...+Sk)!

’m(S()aSleQa"'vSk)’ = 50'51'Sk'

In our example, |m(2,2)| = (24 2)!/(2!-2!) = 6.
Denote the number of different tuples (So, S1,...,Sk) by M. Establish a lexicographic order on
this set, and introduce the notation 1,09, ...,0 s for its elements.

One can easily check that the set m(Sp,S1,S52,...,S%) is nonempty if and only if the tuple
(So0,51, 52, ...,Sk) satisfies the following conditions:

0< 5 <mn,

0< 51 < [(n—50)/2],

0< 8, < [(n—S0—251)/3], (1)
0< S, < I_(’I?,—S()—Qsl—352—...—ksk,1)/(k+1”,

and also Sp+2S51 + ...+ (k + 1)Sk = n. In our example such tuples are those satisfying the
conditions 0 < Sp <6, 0 <51 < |(6 —Sp)/2], and Sy + 251 = 6, i.e., the following: (0,3), (2,2),
(4,1), and (6,0).

For enumeration, we need a table, which is computed once and then used in encoding and
decoding (like the table of Fibonacci numbers and other series in methods of [2-7]). Construction
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Table 2. n=6,d=0,k=r=1,1=0

So Sl V(‘pr Sl)
0 3 0
2 2 | v(0,3)+|m(0,3) =0+ (3+0)1/(3-0!) =1
4 1| v(2,2)+m2,2)=1+2+2)!/(2-2) =7
6 0 | v,1)+m@ 1) =7+ E@+D/1-4) =12
Table 3. n=6,d=0,k=r=1,1=0
Set m Interval Enumerated Word of Number
of numbers word alphabet A
m(0,3) 0...0 (010101) (ararar) 0
m(1,2) 1...6 (000101) (apapaiay) 1
(001001) (aoalaoal) 2
(001010) (aoalalao) 3
(010001) (alaoaoal) 4
(010010) (alaoalao) 9
(010100) (alalaoao) 6
m(4,2) 7...11 (000001) (apapapapar) 7
(000010) ((loaoaoalao) 8
(000100) (aoaoalaoao) 9
(001000) ((loalaoaoao) 10
(010000) (alaoaoaoao) 11
m(6, 0) 12...12 (000000) (aoaoaoaoaoao) 12

of the table consists in the following: in the lexicographic order, we look through all admissible

tuples (So, Sl, ..

., Sk) to obtain a two-dimensional table with k£ 4+ 1 columns and with the number

of rows equal to the number of admissible tuples 1,09,...,03. Rows of the table correspond to
, m(opr) of words, defined above. In row j, j = 1,..., M, the first k

subsets m(o1) m(o2), ...
elements are the jth tuple (Sp, S, ..

by v(oj), is computed recursively: v(o1) =0, v(o;) = v(oj_1) + |m(o;-1)|.

.,Sk), i.e., 0. The last element of the row, which we denote

Note that this representation was earlier used in [5]; however, the complexity of the enumeration
method considered there is asymptotically greater than that of our method.

Let us form a table for our example (see Table 2).

We have already found admissible tuples

(S0,51): (0,3), (2,2), (4,1), and (6,0). Finding the cardinalities |m(So, S1)| = (So + S1)!/(So! S1!)
of sets corresponding to these tuples and recursively computing their cumulative sums, we obtain
the results presented in Table 2. Note that these computations are made only once, before the
enumeration/denumeration process.

Now we describe the order in which words of the set of dklr-sequences will be enumerated.

The first |m(o1)| numbers (i.e., 0,1,...,|m(o1)| — 1) correspond to words of the set m(o1); the

next |m(oz)| numbers (i.e., |m(o1)l,...,|m(e1)| + |m(o2)| — 1), to words of the set m(o2), etc.
=1 J

The numbers Y |m(o;)|,..., > |m(a;)| — 1 correspond to words of the set m(e;), j =2,...,M.
i=1 i=1

Within each set m, the numbers, as well as words, are ordered lexicographically assuming that
ap<ap <...<ag.
In our case, the numbers are arranged as shown in Table 3.
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Now we describe the enumeration algorithm. For an enumerated word, we define its composition
(S0,51,952,...,5;) and find the value v(Sy, S1,...,Sk) from the table. Finding the appropriate
row in the table is made using binary search over the numbers in the first £ 4+ 1 columns as a
key (this is possible since the compositions are ordered lexicographically). In our example, for the
word (010001) we find the composition (2,2), and then, by searching through Table 2, determine
v(2,2) = 1. The word over the alphabet A = {ag,a1,...,a;} corresponding to the enumerated

word is found as follows: we replace its subwords (0), (01), ..., (01...1) (such that the next symbol
k
after the subword is not one) by the symbols ag,aq,...,ak, respectively. For example, the word

(001001) corresponds to (apaiapay). It is easily seen that each of the symbols a;, i = 0,2,...,k,
occurs in this new word precisely .S; times.

Then we use the method from [9] for enumeration/denumeration of so-called constant-weight
words, defined as follows. Let us be given an alphabet A = {a1,...,ax}, k£ > 1. Denote by
W7 the set of length-N words over this alphabet such that the symbol «; occurs in each
word w € W™ exactly ; times, i = 1,...,k, where Zk: ~vi = N. In enumeration by the
method of [9], for each word w in W7 its number unéellr the lexicographic order on words
of this set is found. In decoding (denumeration), the inverse operation is performed: given an
integer z in the range 0,1,..., W} 7| — 1, a word in W '"7* is found whose number is z. For
large N, the encoding/decoding time per one symbol of words in W' 7 is O(log® N log log N).
For instance, for A = {0,1} and N = 4 the set W} contains all words with two ones (and
Z€eros): W42’2 = {(0011), (0101), (0110),(1001), (1010),(1100)}. The number of the word (0110) is
2 = (010)2, and the denumeration algorithm, given the number 011, finds the word (1001) € W22,

A detailed description of the algorithm is given in [9]; here we note that the sets m(i,j) de-
fined above contain “constant-weight” words over the alphabet {ag,a1,...,ar}. In other words,
each m(i,j) contains all words with a fixed number of symbols ag,a1,...,a; (this is the sense of
introducing the sets m(i,j)). The partition of the original dkir-set of words into subsets is made
in order to enumerate words within a subset using the fast method from [9].

We return to our example. Using the method of [9], the words are enumerated in the lexico-
graphic order, starting with 0; in our example, (apapaiai) has number 0, (agaiapa;) has number 1,
etc. The final number of a word u is computed as follows: N(u) = v(Syp,S1,...,S;) + p. For
instance, N(apaiapar) =v(2,2) +p=1+1=2.

Now we describe the decoding (denumeration) algorithm for words of length n with the run-
length constraints d =0, £k > 0, [ =0, and r = k. A number N of a word is given; it is required
to find the corresponding word. For instance, the number N = 2 is given, and it required to find
the corresponding word of length n = 6 with the constraints d = 0, k = 1, [ = 0, and r = 1.
Using Table 2, we find a composition o; such that v(o;) < N < v(oj41), j =0,...,t =1, or
v(oj) < N, j=t. In our example, using Table 3 we find 1 = v(2,2) <2 <7 =wv(4,1); ie., the
desired composition is (2,2). The composition is found by binary search over the value of v as a
key. Then we find p = N —v(Sp, S1,52,...,S5%). In our case, p = 2—1 = 1. Then, with the use of
the fast denumeration algorithm of [9], we find a word consisting of Sy symbols ag, S1 symbols a1,
Sy symbols asg, ..., Si symbols a; with number . In our example, this is (agaiapar). We replace
ag,at,...,a with (0), (01), ..., (01...1). In the example, we obtain (010001), which is the

——
sought-for word. k

3. GENERAL ENUMERATION METHOD FOR dkir-SEQUENCES

Now we generalize the described method to dklr-sequences, d > 0, k > d, | > 0, r > 0, where d
is the minimum run length of ones between zeros, k is the maximum run length of ones between
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Table 4. n=9,d=1,k=2,1=2,r=2

L R S S5 v(L, R, 51, 55)

0 0 1 2

0 0 4 0 (0,0,1,2) + [m(0,0,1,2)] = 0+ (1 +2)l/(1!-2)) =3
0 1 2 1 v(0,0,4,0) + |m(0,0,4,0)| = 3+ (4+0)!/(4!-0!) = 4
0 2 3 0 v(0,1,2,1) + [m(0,1,2,1) =4+ 2+ 1)I/(2! - 1) =7
0 2 0 2 (0,2,0,2) + |m(0,2,0,2)| =7+ (0+2)!/(0! - 21) = 8
1 0 2 1 v(0,2,3,0) + |m(0,2,3,0)| =8+ (3+0)!/(3!-0) =9
1 1 3 0 v(1,0,2,1) + |m(1,0,2,1)| =9+ (2+ 1)1/(2! - 1) = 12
1 1 0 2 v(1,1,0,2) + |m(1,1,0,2)| = 12+ (0 + 2)!/(0! - 21) = 13
1 2 1 1 v(1,1,3,0) + |m(1,1,3,0)| = 13+ (3+ 0)!/(3! - 01) = 14
2 0 0 2 v(1,2,1,1) + [m(1,2,1,1)] = 14 + (1 + 1)I/(11 - 11) = 16
2 0 3 0 v(2,0,0,2) + |m(2,0,0,2)| = 16 + (0 + 2)!/(0! - 2!) = 17
2 1 1 1 v(2,0,3,0) + |m(2,0,3,0)| = 17+ (3+ 0)!/(3! - 0) = 18
2 2 2 0 v(2,1,1,1) + [m(2,1,1,1)] = 18 + (1 + 1)I/(11 - 11) = 20

zeros, and [ and r are the maximum run lengths of ones at the head and tail of a word, i.e., from
the beginning of a word to the first zero and from the last zero to the end of a word, respectively.

As an example, we will consider words of length 9 with the constraints d = 1, k = 2, [ = 2, and
r=2.

Denote by L <[ the leading run length on ones, i.e., the number of ones from the beginning of
a word to the first zero, and by R < r, the trailing run length of ones, i.e., the number of ones from
the rightmost zero to the end of the word. For instance, for the word (010110101) these values are
0 and 1, respectively. The parameters Sy, Sqi1, ..., Sk are defined as follows: delete from the initial
word the first L symbols (ones) and the last R + 1 symbol (i.e., the last R ones and the preceding
zero), and for the word thus obtained compute the values Sy, Sgi1,...,Sk in the same way as in
Section 2. Let us show how these values are found for the word (010110101). First we delete zero
first symbols and two last symbols of the word. Then for the obtained word (010110101) we find
S1 and Ss: divide the word (0101101) into a sequence of subwords (01), (011), (01), compute the
number of words (01) and (011) in this sequence, and thus obtain S; = 2 and Sy = 1. Replacing the

subwords (01...1) in this sequence with a;, i = d,d+ 1,...,k, we can put into correspondence to
i
each word, as in the case described in Section 2, a word over the alphabet A = {ag,a4+1,--.,ax}

In our case, to the word (0101101) we put into correspondence the word (ajaga;). A table is
constructed in the same way as in Section 2, but now rows of the table correspond to tuples
(L,R,S4,S4+1,--.,Sk). Such tuples are admissible if the following conditions are fulfilled:

0<L<l,

0<R<Zn,

0<Sq<[(n—L-R)/(d+1)],

0<Sap1 < [(n—L—-R—(d+1)Sqa)/(d+2)],

0<Sap2 < [(n—L—R—(d+1)Ss— (d+2)Sa+1)/(d +3)],
0<Sp<[(n—L—-R—(d+1)Sq— (d+2)Sat1 — (d+3)Say2 — ... — kSe—1)/(k + 1)],
(d+1)Sq+ (d+2)Sgs1 +...+ (k+1)Sp + R+ L =n.

PROBLEMS OF INFORMATION TRANSMISSION Vol. 46 No. 4 2010



FAST ENUMERATION ALGORITHM 375

Denote the number of such tuples by M, and denote the sequence of admissible tuples (L, R, Sy,
Sd+1,--.,5k) ordered lexicographically by o1,079,...,05. The set defined by the tuple (L, R, S,
Sd+1s---,Sk) will be denoted by m(L, R, Sy, S1,S2,...,Sk). Thus, the set m(L, R, Sq, Sq+1,- - -, Sk)
contains all words with L leading and R trailing ones such that after deleting the first L and last

R + 1 symbols they become permutations of S; words (01...1), Sgr1 words (01...1), ..., Sk
d d+1
words (01...1). The cardinality of the set corresponding to a tuple (L, R, S4, Sq+1,-..,5%) is
k

computed as (Sa+ Sas1 + ..+ Sp)!

Sa! Sgs1!. .. Sk!
Then we construct a two-dimensional array with k + 4 — d columns and M rows as follows: rows
of the table correspond to the sets of words m(o1), m(o2),...,m(oy) defined above. In row j,
j=1,..., M, the first k + 3 — d elements are the jth tuple (L, R, S4, Sa+1,...,Sk), i.e., ;. The
last element of the row v(o;), j = 1,..., M, is computed recursively: v(o1) = 0 and v(o;) =
v(oj1)+Im(ej1)l, 1 <j< M.

Let us construct a table for our example (see Table 4). Numbers of words are arranged similarly

|m(L7 R? SduSd+1, P ,Sk)| =

to the order described in Section 2. The first |m(o1)| numbers (i.e., 0,1,...,|m(o1)|—1) correspond

to words from the set m(o1), the next |m(o2)| numbers (i.e., |m(o1)|,...,|m(e1)| + |m(o2)| — 1),
iz J

to words of the set m(o2), etc. (the numbers > |m(o;)l,..., > |m(o;)| — 1 correspond to words
i=1 i=1

of the set m(o;), j = 2,...,M). Within each set m, words are ordered lexicographically (with
ag < Ag41 < ... <ak).
For our example, the numbers are arranged as shown in Table 5.

Let us describe the enumeration method. As an example, we consider finding the number of the
word (010110101) among words with n =9, d =1, k =2, [ = 2, and » = 2. For the enumerated
word, we find the values L <[ and R < r. Deleting the first L and last R 4+ 1 symbols, we find
SdsSd+1,---,Sk. In our case, for the word (010110101) we have L = 0 and R = 1, since the
word starts with no ones and ends with a single one. Then, deleting from (010110101) the first
L = 0 symbols and the last R + 1 = 2 symbols, we obtain the word (0101101) and find S; = 2
and Sy = 1. From the table, we find v(L, R, S4, S4+1,-..,Sk) that corresponds to the obtained
composition. In our case, from Table 4 we find v(0,1,2,1) = 4. Then, to the binary word obtained
after deletion, we put into correspondence a word over the alphabet A = {a4, agy1,...,a}: replace
its subsequences (01...1), (01...1), ..., (01...1) (such that the next symbol after the sequence

—— —— ——

d d+1 k
is not 1) with the symbols ag4, ag41,- .., ag, respectively. In our example, (0101101) corresponds to

the word (ajaga;). After that we apply the enumeration method of [9] to find the number p of this
word among all words with the fixed number of occurrences of of the symbols a;, i = d,d+1,...,k,
of the alphabet with the order a4 < ag11 < ... < ag. In our case, we find the number of the word
(a1agay1) among all words consisting of two symbols a; and one ay. It is easily seen that (ajajas)
has number 0, the word (ajaga;) has number 1, and the word (agaia;) has number 2. Thus, in our
case we have p = 1. The we find the resulting number: N = v(L, R, Sq, Sq+1,-..,5k) + . In our
case, N =v(0,1,2,1) + p=4+1=>5.
The complexity of the method is described as follows.

Theorem 1 (encoding complexity). The memory required for encoding a word of length n with
the constraints d > 0, k > d, 1 > 0, and r > 0 with the use of the proposed algorithm is O(nk*d”)
bits.

The time required for encoding a word of length n with the constraints d > 0, k > d, [ > 0, and
r > 0 with the use of the proposed algorithm is O(loggnlog logn) bit operations per symbol.
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St Interval Enumerated Word of Numbe
m of numbers word alphabet A v g
m(0,0,1,2) 0...2 (010110110) (arazas) 0
(011010110) (agaias) 1
(011011010) (agagal) 2
m(0,0,4, 0) 3...3 (010101010) ((11(110,10,1) 3
m(0,1,2,1) 4...6 (010101101) (ara1as) 4
(010110101) (alagal) 5
(011010101) (agalal) 6
m(0,2,0,2) 7.7 (011011011) (azas) 7
m(0,2,3,0) 8...8 (010101011) (ara1a1) 8
m(1,0,2,1) 9...11 (101010110) (a1ayas) 9
(101011010) (alagal) 10
(101101010) (agaray) 11
m(1,1,0,2) 12...12 (101101101) (azas) 12
m(1,1,3,0) 13...13 (101010101) (ara1a1) 13
m(1,2,1,1) 14...15 (101011011) (aras) 14
(101101011) (azay) 15
m(2,0,0,2) 16...16 (110110110) (agas) 16
m(2,0,3,0) 17...17 (110101010) (ara1a1) 17
m(2,1,1,1) 18...19 (110101101) (a1a2) 18
(110110101) (aga) 19
m(2,2,2,0) 20...20 (110101011) (a1a1) 20

Proof. The proof is based on estimating the algorithm operation time and required memory.
First we consider the memory for storing the table. The number of admissible tuples, defined by
inequalities (2), and therefore of rows of the table is at most lrn*~%+1. Each row contains two
numbers such that one of them is at most [ and the other, at most r, and k£ + 1 — d numbers
not greater than n, since Sy, Sgt+1,S4+2, ..., S, are obviously not greater than n. Also, each row
contains a number v(Sg, Sgi1,-..,Sk). This number is at most 2", since v is not greater than the
largest number, which, in turn, is less than 2". Thus, the memory (in bits) required for the table
is at most

Irnk =4 (k — d 4 1) logn + logl + log 7 + n) = O(n*~%2).

Now we estimate enumeration time. To find the tuple (L, R, S4, S4+1,- .., Sk) for a given word,
we have to look through n symbols of the word. Then we perform binary search among at most
Irn*=4+1 elements with a key of length (k — d + 1)logn + log! + logr bits. The time required
for that is log(lrn*=9t1)((k — d + 1) logn + log! + logr) = O(log?n). Then we use the algorithm
of [9], whose operation time (per symbol of the input word) is O(log® nloglogn). To compute the
resulting number, we have to add two numbers of length at most n bits. Thus, the time required
for encoding one symbol is

n+ O(log®n) +n N
n

O(log3 nloglogn) = O(log® nloglogn). A
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Now we describe the denumeration algorithm. Given a number N of a word, it is required to
find the word corresponding to this number. For example, given the number N = 5, we have to
find the corresponding word of length n = 9 with the constraints d =1, k =2, = 2, and r = 2.
Using Table 4, we find a tuple o such that v(o;) < N <v(6j41),j=0,...,k—1,orv(o;) <N,
j = k. In our example, for N =5 we find from Table 5 that 4 = v(0,1,2,1) <5< 7=1r(0,2,3,0);
i.e., the desired tuple is (0,1,2,1). The tuple is found by binary search over the value of v as a
key. Then we compute p = N —v(L, R, Sq, Sq+1,.-.,5k). In our case, up =5—4 = 1. Then, using
the denumeration algorithm of [9], we find a word consisting of S; symbols ag, Sgy1 symbols ag1,

..., Sk symbols aj that has number p. In our case, this is (ajaga;). Replace aq, ageq, - ., ag
with (01...1), (01...1), ..., (01...1), respectively. In our example we obtain (0101101). Then
—— —— ——
d d+1 k

we add to this word a head consisting of L ones and a tail consisting of zero and R ones. In our
case, we add to (0101101) a head of L = 0 ones and a tail of zero and R = 1 ones, thus obtaining
the word (010110101).

The decoding complexity is estimated as follows.

Theorem 2 (decoding complexity). The memory required for decoding a word of length n with
the constraints d >0, k > d, 1 >0, and 7 > 0 with the use of the proposed algorithm is O(nF=+2)
bits.

The time required for decoding a word of length n with the constraints d > 0, k > d, l > 0, and
r > 0 with the use of the proposed algorithm is O(loggnlog logn) bit operations per symbol.

Proof. The memory required for denumeration coincides with that for enumeration. Let us
estimate the algorithm operation time. At the first step, in the binary search of an appropriate tuple
(L, R, Sq,Saqs1,Sd42,---,Sk) in the table, we have to perform log(lrn*+1) comparison operations
on words of length n. Thus, the binary search has the complexity of log(lrn*~%1)n = O(nlogn)
bit operations. Then, to perform the subtraction N —v(L, R, Sq, Sq+1, Sd+2, - - -, Sk), we make one
operation on words of length n. Then, to obtain the final result, we use the denumeration algorithm
of [9], which requires O(log® nloglogn) time per symbol. Thus, the time required for decoding one
symbol is

M + O(log® nloglogn) = O(log® nloglogn). A

We note in conclusion that the proposed algorithms have high throughput for large values of
the block length n. Preliminary estimates show that the performance surpasses that of previously
known algorithms for block lengths n of the order of several hundred.
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